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Introduction

Plan of my talk
» Stochastic process and its applications
> Kolmogorov equation: large deviation principle

» Yosida's parametrix and open problem

Joint work in collaboration with Stefano Pagliarani: A Yosida's
parametrix approach to Varadhan's estimates for a degenerate diffusion
under the weak Hérmander condition (2021 - Submitted)
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The stochastic process

X: = xpexp (ut + oWy),
Ye=yo+ [y Xsds
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X: = xpexp (ut + cWy)

Ye=yo+ [y Xsds
The density p = p(x,y, t; X0, Y0, 0)
satisfies the Kolmogorov equation

ZP(X’Y’ t;X07y070) =0

- 2

(x,y,t) ERT x R x R
Z:

6)% + x(p

)0y + x, — O,
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Arithmetic average Path-dependent Options in the Black &
Scholes theory:

{ St = Soexp(put + o W)

B = By exp(rt)

Assume that V = V/(t, S, A¢) also depends on the average price

t
At == / 57- dT,
0
then

OV + 3025202V + S04V +r(S0,V — V) =0,
V(T.S7,AT) = ¢(ST,AT)

On a Yor stochastic process

m]

=

DA
Moscow - 2024 September 2021




Introduction
0000000
:

The function W
0000000000

What is known

Yosida's parametrix
0000000

F(x,y,t,x0, o, to) =

[Yor](1992)(2001), [Geman, Yor](1993), [Matsumoto, Yor](2005)
where

2xxo (1 |Og (YO) ’

Yo—y t—tp

x ) 2 )’
‘rr2

( ) o ( 1—|—62W) eV
w,y, exp | —
PR,y T/ 2mt P 2y

and

On a Yor stochastic process

q(z,t) = /Ooo e~ 3 e 2N sinh (¢) sin (W ) d¢
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- Upper and lower bounds for the fundamental solution of .Z
c
t

+
2 exp (_ C_\Il(x,y, t)) < r(X’y’ t) < C—2 exp (—c+\ll(x,y, t))
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- Upper and lower bounds for the fundamental solution of .Z
c

_ ct
2 exp (_C w(Xaya t)) < r(Xay’ t) < o exp (—C+\U(X,y, t))
- Existence of a fundamental solution and estimates for

ZLu = x0x(ax0xu) + bxOxu + x0yu — Oru

with a = a(x,y, t),b = b(x, y, t) smooth, bounded, a > X\ > 0
[Cibelli, P., Rossi] Sharp estimates for Geman—Yor processes and

applications to arithmetic average asian options (2019)
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- Upper and lower bounds for the fundamental solution of .Z
c

_ ct
2 exp (_C w(Xaya t)) < r(Xay’ t) < o exp (_C+W(Xaya t))
- Existence of a fundamental solution and estimates for

ZLu = x0x(ax0xu) + bxOxu + x0yu — Oru

with a = a(x,y, t),b = b(x, y, t) smooth, bounded, a > X\ > 0
[Cibelli, P., Rossi] Sharp estimates for Geman—Yor processes and
applications to arithmetic average asian options (2019)

- Same result with locally Holder continuous coefficients a and b.
:

[Anceschi, Muzzioli, P.] Existence of a fundamental solution of partial
differential equations associated to Asian options (2021)
On a Yor stochastic process
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Large deviation principle [Varadhan](1967), [Molchanov](1975),
[Azencott](1984)

L = %Z?,j:l ajj(x)0x; Ox;

— 0,
uniformly parabolic with Holder continuous coefficients. Then

d 2
tlog(l(x,t;y,0)) — — (Xéy) as t — 0.
log (T ;
og((x, t,);,O)) — 1 ast—0.
_d(x.y)
2t
uniformly on compact sets.
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Our main result

Large deviation principle [Varadhan](1967), [Molchanov](1975)
[Azencott](1984)

= % Z?,j:l al'J'(X)axian -0

uniformly parabolic with Holder continuous coefficients. Then

tlog(l'(x,t;y,0)) — _d(x,y)2

T as t — 0.
log(T(x,t1¥,0)) . 1 ., .
_dxy)? '

2t
uniformly on compact sets. Compare with

c ~bxeyP C+

2
X—
— exp ( ot lx=y2 yI )
F
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Our main result
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Theorem [Pagliarani, P.] £ = %263 + x0y, — O
og(Mly )
—%\U(X,y, t)

as t — 0.
uniformly on compact sets.
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Theorem [Pagliarani, P.] £ = %283 + x0y, — O

og((y.t) |
—%\U(X,y, t)

as t — 0.
uniformly on compact sets. Compare with:

Theorem [Cibelli, P., Rossi] Let I be the fundamental solution of
x20s + x0y, — 0¢. Then

S exp (~CTV(x,y ¢t t —et)) <

Fx,y,t) <
o +
—7 P (—c™V(x,y —¢,t+¢)),
=] = = E = DA
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An optimal control problem
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to
V(xo, Yo, tp) := inf / wz(s)ds subject to constraint
wel?([0,t0]) Jo

{ X'(s) = w(s)x(s), x(0) = xo,
y'(s) = x(s),

¥(0) = yo,
Recall the Stochastic Differential Equation

{ dX: = XedW,,

Xo=Xo
dYt == Xt dt,

Yo = Yo-
On a Yor stochastic process

m]

=

= E E Dae
Moscow - 2024 September 2021




Introduction
0000000
:

The function W
0O0O@0000000

Lower bound

Yosida's parametrix
0000000

Method of the proof: Harnack chains:

u(€,7) < Cku(x, t) (heat equation)

(x; 1)

(x, 1)

—“k‘“““‘
(&7)

(&7)
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Harnack inequality
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We borrow the Harnack inequality from the theory of Kolmogorov
equations: O (a(x, y, t)dxu) + xdyu = deu
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Invariant Harnack inequality

If Ue(x,y,t) + xu,(x,y,t) = ue(x,y, t), then

» dilations: v(x,y,t) = u(rx, r3y, rzt)
satisfies vy + xv), = v;
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Invariant Harnack inequality
If u(x,y,t) + xuy(x,y, t) = ue(x,y, t), then:
> dilations: v(x,y,t) = u(rx, iy, r’t)
satisfies vy + xv), = v;
» translations: w(x,y,t) =u(x+&,y+n—Et,t+7)
satisfies Wy + xw, = w;
=] = = E = DA
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Invariant Harnack inequality
If u(x,y,t) + xuy(x,y, t) = ue(x,y, t), then:
> dilations: v(x,y,t) = u(rx, iy, r’t)
satisfies vy + xv), = v;
» translations: w(x,y,t) =u(x+&,y+n—Et,t+7)
satisfies Wy + xw, = w;
Harnack inequality

(0,0,0) (%0, 0, to)
r? \
) ) o
(& mn,7) (0 +&yo+n—Tx0,to+7)
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Invariant Harnack inequality
If u(x,y,t) + xuy(x,y, t) = ue(x,y, t), then:
> dilations: v(x,y,t) = u(rx, iy, r’t)
satisfies vy + xv), = v;
» translations: w(x,y,t) =u(x+&,y+n—Et,t+7)
satisfies Wy + xw, = w;
Harnack inequality

(0,0,0) (x0, Y0, to)
r? \
) ) o
(&mn.) (0 +&yo+n—Tx0,to+7)

» Z-admissible paths (Yor operator):
L=X2+Y, X=x0 Y=x0, —0

(1) = w(t)X(2(1)) + Y((1))

On a Yor stochastic process Moscow - 2024 September 2021
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The optimal control problem

1
V(xo, yo, to) :=  inf / w?(s)ds subject to constraint
wel?([0,t0]) Jo

{ X'(s) = w(s)x(s), x(0)=x, x(to)=1,
y'(s) = x(s), ¥(0) =yo, y(to) =0.
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Let I be the fundamental solution of x20y, + x0y — 0¢. Then

r(X’y’ t) > %eXP (—C_\U(X,y+6t,t—5t))
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Let I be the fundamental solution of x20y, + x0y — 0¢. Then

r(X’y’ t) > %GXP (—C_\U(X,y+6t,t—5t))
4_

Mx,y,t) < t—z exp (—ctW(x,y —e, t +¢))
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Let I be the fundamental solution of x20 + x0y — 0¢. Then
-
r(Xay’ t) > t_e2 exp (—C_W(X,y +et, t — Et))

Mx,y,t) < t—z exp (—ctW(x,y —e, t +¢))

Proof (of the upper bound). The Value Function WV is a
the Hamilton-Jacobi-Bellman equation:

solution of

YU(x,y,t) + 1(XW(x,y,1))> =0

We then compare ['(x,y, t) with exp (—cTV(x, y, t))
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Let
SR g,
=1 sly=n <r<0
/=r

[ ( Yo—y )
(t — to)? (t—to)y>x0/)
Then

4(x1 + X
W (xi, y1, t1; X0, Y0, to) =(t1 — to) E + 40 + x)

Yo—n
dx1xp
T4 E+——,
(vo— 1)
2
“ " - > _ T “ " -
if £ > —¢5, “+" otherwise). .
:
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Invariance property [Monti, Pascucci] (2009)

x20uu(x,y, t) + x0yu(x, y, t) = dru(x, y, t) if, and only if,

W(X7y7 t) = u(X0X7y0 + X0y, to + t)
satisfies x2Oyw(x, y, t) + x0, w(x,y,t) = Oyw(x,y,t)
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A novel representation of W
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Invariance property [Monti, Pascucci] (2009)

x20uu(x,y, t) + x0yu(x, y, t) = dru(x, y, t) if, and only if,

W(X7y7 t) = u(X0X7y0 + X0y, to + t)
satisfies x2Oyw(x, y, t) + x0, w(x,y,t) = Oyw(x,y,t)
Define

(Xaya t) o (XanOa tO) = (XOXaYO + Xoy, to + t)

(X,y, t)_l o (X07y07 tO) = (

X0 Yo—Xo —
x? x 7 to t)

=] F = E E DAl
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Invariance property [Monti, Pascucci] (2009)

x20uu(x,y, t) + x0yu(x, y, t) = dru(x, y, t) if, and only if,

W(X7y7 t) = u(X0X7yO + X0y, to + t)
satisfies x2Oyw(x, y, t) + x0, w(x,y,t) = Oyw(x,y,t)
Define

(Xa.ya t) o (XanOa tO) = (XOXaYO + Xoy, to + t)

(X,y, t)_l o (X07y07 tO) = (

%ayozxoato_ t)
to — t)\/X Xo
h(Xa.ya t;XanOatO) = #
Y=y

DA
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A novel representation of W (cont)

4 to — t)y/X X
V(x,y, t;x0, yo, to) = o—t(G(( 0= t)

°)+
Y —Y
(to—t

SR (fa e 2)
with accurate esitmates of G.
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Levi's Prametrix
Z = % Z?,j:l aiJ'(Xv t)axiaxj - 6t
1 n
Lery =321 j-12i(& 7)0x0

g — Ot

Let Z(x,t;£,7) denote the fundamental solution of (¢ ;)
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Z = % 2:?J=1 a"J'(X’ t)ax,axj — 0t
"%5,7’) = % 27,_121 aij(gﬂ T)ax,'axj 8t

Let Z(x,t;£,7) denote the fundamental solution of Z(¢ ..
M t:6,7) = Z(x, 6:6,7) + R(x, t:€,7)

Lemma: if the aj;'s are a—Holder continuous, then

LZ(xti67)| < —C

(t _ T)l—a/2

On a Yor stochastic process
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Levi's Prametrix (cont.)

M(x,t;&,71) = Z(x, t;f,T)—l—/

T

t ( [ 2 t;y75)¢(y,s;£,f)dy) ds
Rn

O(x,t;€,7) = ngZ(X, t&,7)

k=1

t
$k+1Z(X, t;gaT):/ (/Rngz(xa t;y,S)gk(y,S;f,T)dy)dS

On a Yor stochastic process
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Levi's Prametrix (cont.)

Kolmogorov-Chapman identity

Ck

t
C
| -Lhr1Z(x, 1€, 7)| S/T (t—s)l-/2 (¢ — 5)1—ka/2'

Ck+1

(/ T (x,ty, )T (y,s; &T)dy) ds <
E{n

+ .
(t — 7)1 (k+1)a/2 Mot:67)
On a Yor stochastic process
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ZO(Xv.yv t;gvan) = x

§(t(i e V(x,y,t€m,T)

2
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C v :
Zo(X,_y, t;g,n,T) = mexp (_ (X’y’ tv&van)

;o)
L Zo(x,y, t: &, 1) & LA(]7, t[xR?)
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Yosida's parametrix

. ._ ¢ V(x,y,t;€,1,7)
ZO(X,)/, tr&anaT) = X&(t—T)z exp( 2
L Zo(x, y, t:&,m,7)| & L}(I7, t[xR?)
Find U = U(x,y, t;&,n,7) such that

Zy(xy, t:6m,7) == U(x,y, t;ﬁ,n,T)'(t e (
and that

V(x5 6m, 7))
2

On a Yor stochastic process
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equation:

The construction of U relies on the Hamilton-Jacobi-Bellman

YU(x,y,t) + 31(XW(x,y,1)> =0
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Yosida's Prametrix (cont.)

The construction of U relies on the Hamilton-Jacobi-Bellman
equation:
YW(x,y,t) + 2(XW¥(x,y,1))° =0

Proof of the Chapman-Kolmogorov equation

/R2 CY(x,y, 66,0, )TV (E,m, 75 X0, Yo, to)dE dn = T3 (x, y, t; X0, Yo, to)

based on numerical evidence.
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Many thanks for your attention!
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Many thanks for your attention!

And congratulations

to Valentin and Stanislav!

=] F = E E DAl
: :
On a Yor stochastic process Moscow - 2024 September 2021




	Introduction
	The function 
	Yosida's parametrix

