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ov __ 1
5 = Av
V[t=0 = vo(x)

The Normal distribution on R” is the kernel of the fundamental solution:
1 x — yl|?
.0)= [ e 5 .

1 x —yl?
K(x,y) = W eXP(—%)

Recall basic statements about Hyperbolic geometry.
The Laplace-Beltrami operator in H".

Fourier transform on Hyperbolic Space in H".
Fundamental solution of the heat equation in H".
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n-dimensional Hyperbolic Plane

H" = {(X1, s Xn41) : Xj € R, Xn41 > 0,x2, 1 — X — ... — x5 = 1}

The polar coordinates on H": (6,r),0 € S"71,r > O
Xpt1 =coshr, x;=0;sinhr,i=1, ..,

éxn+l

r = 2(shaded area)

......................................................

The canonical Hyperbolic metric in Cartesian coordinates:

1 x' o

The metrics ggn has the following representation in the polar coordinates

g = dr® + sinh? rgsn—1.
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The Laplace-Beltrami operator on H"

The Laplace-Beltrami operator in coordinates, g - metric tensor, g¥ -
components of the inverse of the metric tensor:

19 ;0
= det(g) Ox (\/ det(g)g 0—XJ>

The Laplace-Beltrami operator in polar coordinate:

02 ) 1
A n - 1 h A n—1 —
e a2+(n ) cos r3r+sinh2r g1
1 o0 9, 1
= sinh" 1 r—) + Agn-1,
sinh"1r (9r( 8r) sinh2r > 1

Agn-1 - the Laplace-Beltrami operator on sphere S"~ 1.
Agn1 = % + (n—2)cos r% + L Agno

sin~ r
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The D'Alambertian operator

Consider the bilinear form on R"t1

[Xa)/] = Xn+1Yn+1 — (X1)/1 + .. Xn}/n)-

[ = {x € R"[x,x] > 0, x,41 > 0}
The D'Alambertian operator in cartesian coordinate on [I':
0? 0? 0? 0?
=zt 32132 32
xi©  0x3 Ox;  Oxi 4

Lemma 1

The D’Alambertian operator in polar coordinates
x = (twsinhr,tcoshr), t >0,r >0,w € S":

0> n o 1
0= —(Z + 294 2 Aw
Gz + 130+ 2w
where Agn = g—:z + (n — 1) coth r% + ﬁASn—l.
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The Laplace-Beltrami operator on H”

0? 0 1
Agr = 52 + (n — 1) cosh r@r g rASn—l =
1 0 4 0 1
= —————(sinh" " r=) + Agn-1,
~ sinh"™ 1r@( ! (9) sinh2r o>

Let's w € S" !, b(w) = (w,1) and
[x, b(W)] = Xnt1 — xaws — xown — ... — XpWy,. Then [x, b(w)]* is an
eigenfunction of Agn with the eigenvalue p(p — 1) + np.

If pp=ix—p,p="51

b, b(w)] A= = (A2 4 p2)[x, b(w)] 7
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Proof of the claim 1

2X w ) |# n 2X w14
O, b(w)p = — LD 5= O, bw)]

2 2
aXn—i—l i=1 aXi

= p(p = V)x, bw)* (=1 + wf + ... + w;) = 0.
Using polar coordinates on I', x = (tsinh rw’, tcoshr) € T
[x, b(w)]* = t*(cosh r — sinh r{w’, w))*.

p 0 nd.\, ' / p
O[x, b(w)]# = —(@ + ?a)t (cosh r — sinh r{w’, w) )"+

1
pAHn t'(cosh r —sinh r(w’, w))* =0

Agntt(cosh r — sinh r{w’, w))* = (== + g%)t“(cosh r —sinh r{w’, w))*

= (u(p — 1) + nu)t*(cosh r — sinh r{w’, w))*
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The spherical function on H"

The spherical function on H" is given by

)y (x) = anl_l / I, b(w)] P dw.
Sn—1

on_1 is the surface area of the sphere S"~!

y

The spherical function ®,(x) is an eigenfunction of A with the eigenvalue
—(M\? + p?). Moreover, ®,(0) = 1.

1

On—1

Agn®(x) = Agn / [, b(w)] P dw =

Sn—l

Unl
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The spherical function in the polar coordinates

In the polar coordinates on H", x = (sinh rw’, cosh r), r >0, w' € S1,
[x, b(w)]#* = (cosh r — \W’\(%, w))#* = (cosh r — sinh r cos(f, w)),

f= (A(W]yeers W), ooy (W] ey W)

1 A —
03 = —— | [x b(w)]Vdw
_ In=2 / (cosh r — sinh r cos 0) 2~ (sinf)*~1d6
On—-1 Jo

Legendre polynomials:

ol ™
P*(cosh a) = cosh av—sinh o cos t)Y T (sin t) 2 dt
Heosha) = S |, )"+ (sin )
o= —r, ,u:%—p, V:i)\—%

~1/2 1 . 1/2—p p3—P
®y(x) = 2° /r(p+§)(5|nhr)/ PP2"" (cosh r)

. 1
I)\—E
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The spherical function for H3

n = 3, then pzl,uz—%,r(PJr%):@

1

dy(r) = \/Er(g)(sinh r)_% Pl_;i_%(cosh r).

z = cosh r, then

1
2 (sinh r)~> .
Oy\(r) = \/g(sinh r)_%\/;(smmg) “[(cosh r + sinh r)*—

1 . sinh(Ar)
I, _
2iAsinh r isin(Ar) Asinh r

—(cosh r + sinh r) ] =
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The Fourier transform in H"

Let f € C°(H"),w € S"~L. The Fourier transform of f in H" is given by

O\ w) = / £()[x, b(w)] P dx

Hn

v

When f is rotation invariant and radial, i.e. f(kox) = f(x) for all rotation

k of H", the Fourier transform of f is independent of w € S"1 and can
be written

oo

f(x) = / F(x)Pr(x)dx = op_1 / fo(rY®(r)sinh™ L rdr,

Hn 0

where o,_1 - the area surface of the sphere S"1.
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Properties of the Fourier transform in L}(R)

The Fourier transform of a function f in L}(R) is defined by

f(x):/Rf(y) exp(—2miyx)dy

Theorem 1 (Properties of the Fourier Transform)

(1) Fourier Inversion. If f € [1(R) and f is everywhere differentiable, then
f(—x) = f(x), for all x.

(2) Convolution. Suppose that f and g are in L*(R) and define the
convolution f x g by

e g(x) = /R Fx — y)e(y)dy.
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Properties of the Fourier transform in H"

Theorem 2 (Properties of the Fourier Transform)

(1) Fourier Inversion. Let f € CZ° and radial. Then

0. 9]

on— 1 P
f(x) = )\)CDA (A)|"2dA,

- 2mop_1
0

where c() = 2 EEIEN,

(2) Convolution. Suppose that f and g are rotation-invariant and radial
function on H" and

(a) | IFC)IPo(x)dx < 00 (b) | lg(xnsn)|Po(x)dx < o0
H" H

and define the convolution (f x g) by (f * g)(x) = [ f(v)&([x, ¥])dy
Then  * g g = f-

v
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Fundamental solution of the heat equation

1

S Bgmip(tr) = %w(t,r), (1)

Agn = g—fz + (n — 1) coth r%,
Y(t,r) - fundamental solution. s(r) = sinh™ ! r, &(r) = dg(cosh r).
Applying the Fourier Transform to (1):

oo
t
(n—1) /CD ) coth r 9 (Lr) sinh"~Y(r)dr +
0

or
(1)
1 i 82¢(t,r) . L n—1 . r 8¢(t7r) - Ln—1
+§/¢(r)75mh (r)dr—/cb(r) o sinh"™*(r)dr
9 | 0
(2)
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(1) (n—l)/CD(r) coth rg—lf sinh" ™! rdr = /Cb(r)Eadr = CD(r)EMSO—
0 0

iy 2 i 2
(2) /Cb(r)g—rqf sinh" ! rdr = /w(r,t)% (P(r)s(r)) dr =
0 0
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oo (0. @)

2
Left side: an_l/cb(r)AHnw(t,r) sinh" ! rdr = 0,1 /w (t,r)(s( r)c?ad;gr)
0 0
+(9<D(r) (?"g(r))sinh”_1 rdr = op_1 /w (t,r)Agn®( )sinh”_1 rdr =
or  Or
0
—(N° 4 p*)on_ 1/¢ r)sinh™ ! rdr = —(A\2 + p2))(\, t).
0
Right side: On—1 / ¢(r)8¢(g? ") sinh" ! rdr =
0
d [ - n—1 _ 0 ~
anla/d)(r)@b(t,r) sinh"™ " rdr = aw()\, t)
0

_|_
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Then we have

—(A\? + p?)
2

95 1)

P ) = o

Therefore,

R _)\2 2 —1
DO 1) = exp(CA Ty 1

Using Fourier Inversion formula we get

-1 7 2
660 = o [ en("X ) o, (e 2an
0

27T(7n 1

220=1[(p+1)M(iX) _ 2" 2T (Z)(iN)
where ¢c(A) = =iy = ATGIY

T M(p+iX)?
2241 (5)%  T(iX)?

- Harish-Chandra c-function.

c(V) 2 =
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Fundamental solution in H3

_ - iX)? x  T(14i)\)? sinh(\r
SO = e v = arizp Fow — TN () = N7
il ST :
“cd) =
w(er) = 5o [ el £)05(:)|e()
0
exp(—%)/ A2 sinh(Ar) 5,
= —— < ——t AdA =
o2 ) P T ) Nannr
0
exp(—% 22
=—>== [ A ——t h(Ar)d\ =
2sinh r exp( 2 ) sinh(Ar)
0
exp(—5) rym r2 r t? + r?

~ Dsinhr V2t3/2 p(_2_1“):(27rt)3/25inhreXp(_ 2t )

Onischenko Tatiana (HSE) The Normal distribution on Hyperbolic space



Fundamental solution in H3

The normal distributed rotation invariant random variable with parameter
t on H3 has distribution function

r ol t2 + r2)
xp(— .
(27t)3/2sinh r g 2t

Ye(r) =
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Thank you for attention
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