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Plan

(
@v
@t = 1

2�v

v |t=0 = v0(x)

The Normal distribution on R
n is the kernel of the fundamental solution:

v(x , t) =

Z

Rn

1

(2⇡t)n/2
exp(� |x � y |2

2t
)v0(y)dy ,

K (x , y) =
1

(2⇡t)n/2
exp(� |x � y |2

2t
)

1. Recall basic statements about Hyperbolic geometry.
2. The Laplace-Beltrami operator in H

n.
3. Fourier transform on Hyperbolic Space in H

n.
4. Fundamental solution of the heat equation in H

n.
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n-dimensional Hyperbolic Plane

H
n = {(x1, .., xn+1) : xi 2 R, xn+1 > 0, x2n+1 � x21 � ...� x2n = 1}

The polar coordinates on H
n: (✓, r), ✓ 2 S

n�1, r > 0.
xn+1 = cosh r , xi = ✓i sinh r , i = 1, ..., n.

The canonical Hyperbolic metric in Cartesian coordinates:

gHn =
1

(1� |y |2)2 gR
n , y =

x 0

xn+1 + 1
, |y | =

X
(y i )2

The metrics gHn has the following representation in the polar coordinates

gHn = dr2 + sinh2 rgSn�1 .
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The Laplace-Beltrami operator on H
n

The Laplace-Beltrami operator in coordinates, g - metric tensor, g ij -
components of the inverse of the metric tensor:

� =
1p

det(g)

@

@xi

✓p
det(g)g ij @

@xj

◆

The Laplace-Beltrami operator in polar coordinate:

�Hn =
@2

@r2
+ (n � 1) cosh r

@

@r
+

1

sinh2 r
�Sn�1 =

=
1

sinhn�1 r

@

@r
(sinhn�1 r

@

@r
) +

1

sinh2 r
�Sn�1 ,

�Sn�1 - the Laplace-Beltrami operator on sphere S
n�1.

�Sn�1 = @
@r2 + (n � 2) cos r @

@r +
1

sin2 r
�Sn�2
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The D’Alambertian operator

Consider the bilinear form on R
n+1

[x , y ] = xn+1yn+1 � (x1y1 + ...+ xnyn).

� = {x 2 R
n+1|[x , x ] > 0, xn+1 > 0}

The D’Alambertian operator in cartesian coordinate on �:

⇤ =
@2

@x21
+

@2

@x22
...+

@2

@x2n
� @2

@x2n+1

Lemma 1

The D’Alambertian operator in polar coordinates
x = (tw sinh r , t cosh r), t > 0, r � 0,w 2 S

n�1:

⇤ = �(
@2

@t2
+

n

t

@

@t
) +

1

t2
�Hn ,

where �Hn = @2

@r2 + (n � 1) coth r @
@r +

1
sinh2 r

�Sn�1 .
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The Laplace-Beltrami operator on H
n

�Hn =
@2

@r2
+ (n � 1) cosh r

@

@r
+

1

sinh2 r
�Sn�1 =

=
1

sinhn�1 r

@

@
(sinhn�1 r

@

@
) +

1

sinh2 r
�Sn�1 ,

Claim 1

Let’s w 2 S
n�1, b(w) = (w ,1) and

[x , b(w)] = xn+1 � x1w1 � x2w2 � ...� xnwn. Then [x , b(w)]µ is an
eigenfunction of �Hn with the eigenvalue µ(µ� 1) + nµ.

Corollary 1

If µ = i�� ⇢, ⇢ = n�1
2 , then �Hn [x , b(w)]i��⇢ = �(�2 + ⇢2)[x , b(w)]i��⇢
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Proof of the claim 1

⇤[x , b(w)]µ = �@
2[x , b(w)]µ

@x2n+1

+
nX

i=1

@2[x , b(w)]µ

@x2i
=

= µ(µ� 1)[x , b(w)]µ�2(�1 + w2
1 + ...+ w2

n ) = 0.

Using polar coordinates on �, x = (t sinh rw 0, t cosh r) 2 �
[x , b(w)]µ = tµ(cosh r � sinh rhw 0,wi)µ.

⇤[x , b(w)]µ = �(
@2

@t2
+

n

t

@

@t
)tµ(cosh r � sinh rhw 0,wi)µ+

1

t2
�Hntµ(cosh r � sinh rhw 0,wi)µ = 0

�Hntµ(cosh r � sinh rhw 0,wi)µ = (
@2

@t2
+

n

t

@

@t
)tµ(cosh r � sinh rhw 0,wi)µ

= (µ(µ� 1) + nµ)tµ(cosh r � sinh rhw 0,wi)µ
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The spherical function on H
n

Definition 1

The spherical function on H
n is given by

��(x) =
1

�n�1

Z

Sn�1

[x , b(w)]i��⇢dw ,

�n�1 is the surface area of the sphere S
n�1

The spherical function ��(x) is an eigenfunction of � with the eigenvalue
�(�2 + ⇢2). Moreover, ��(0) = 1.

�Hn��(x) = �Hn
1

�n�1

Z

Sn�1

[x , b(w)]i��⇢dw =

=
1

�n�1

Z

Sn�1

�Hn [x , b(w)]i��⇢dw =
�(�2 + ⇢2)

�n�1

Z

Sn�1

[x , b(w)]i��⇢dw
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The spherical function in the polar coordinates

In the polar coordinates on H
n, x = (sinh rw 0, cosh r), r >0, w 0 2 S

n�1.

[x , b(w)]µ = (cosh r � |w 0|h w 0

|w 0| ,wi)µ = (cosh r � sinh r cos(df ,w)),

f = (f1(w 0
1,...,w

0
n), ..., fn(w

0
1,...,w

0
n))

��(x) =
1

�n�1

Z

Sn�1
[x , b(w)]i��⇢dw =

=
�n�2

�n�1

Z ⇡

0
(cosh r � sinh r cos ✓)i��⇢(sin✓)2⇢�1d✓

Legendre polynomials:

Pµ
⌫ (cosh↵) =

2µ
p
⇡(sinh↵)µ�(12 � µ)

Z ⇡

0
(cosh↵�sinh↵ cos t)⌫+µ(sin t)�2µdt

↵ = �r , µ = 1
2 � ⇢, ⌫ = i�� 1

2

��(x) = 2⇢�1/2�(⇢+
1

2
)(sinh r)1/2�⇢P

1
2�⇢

i�� 1
2

(cosh r)
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The spherical function for H
3

n = 3, then ⇢ = 1, µ = �1
2 , �(⇢+

1
2) =

p
⇡
2

��(r) =
p
2�(

3

2
)(sinh r)�

1
2P

� 1
2

i�� 1
2

(cosh r).

P
� 1

2
⌫ (z) = (

2

⇡
)
1
2
(z2 � 1)�

1
4

2⌫ + 1

✓h
z + (z2 � 1)

1
2

i⌫+1
2 �

h
z + (z2 � 1)

1
2

i�⌫� 1
2

◆
.

z = cosh r , then

��(r) =

r
⇡

2
(sinh r)�

1
2

r
2

⇡

(sinh r)�
1
2

2i�
[(cosh r + sinh r)i��

�(cosh r + sinh r)�i�] =
1

2i� sinh r
2i sin(�r) =

sinh(�r)

� sinh r
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The Fourier transform in H
n

Definition 2

Let f 2 C1
c (Hn),w 2 S

n�1. The Fourier transform of f in H
n is given by

f̂ (�,w) =

Z

Hn

f (x)[x , b(w)]i��⇢dx

When f is rotation invariant and radial, i.e. f (k � x) = f (x) for all rotation
k of Hn, the Fourier transform of f is independent of w 2 S

n�1 and can
be written

f̂ (x) =

Z

Hn

f (x)��(x)dx = �n�1

1Z

0

f0(r)��(r) sinh
n�1 rdr ,

where �n�1 - the area surface of the sphere S
n�1.
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Properties of the Fourier transform in L1(R)

The Fourier transform of a function f in L1(R) is defined by

f̂ (x) =

Z

R

f (y) exp(�2⇡iyx)dy

Theorem 1 (Properties of the Fourier Transform)

(l) Fourier Inversion. If f 2 L1(R) and f is everywhere di↵erentiable, then
ˆ̂f (�x) = f (x), for all x.
(2) Convolution. Suppose that f and g are in L1(R) and define the
convolution f ⇤ g by

f ⇤ g(x) =
Z

R

f (x � y)g(y)dy .

Then [f ⇤ g = bf · bg .
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Properties of the Fourier transform in H
n

Theorem 2 (Properties of the Fourier Transform)

(l) Fourier Inversion. Let f 2 C1
c and radial. Then

f (x) =
2n�1

2⇡�n�1

1Z

0

f̂ (�)��(x)|c(�)|�2d�,

where c(�) = 22⇢�1�(⇢+1)�(i�)
⇡1/2�(⇢+i�)

.

(2) Convolution. Suppose that f and g are rotation-invariant and radial
function on H

n and

(a)

Z

Hn
|f (x)|�0(x)dx < 1 (b)

Z

Hn
|g(xn+1)|�0(x)dx < 1

and define the convolution (f ⇤ g) by (f ⇤ g)(x) =
R
Hn f (y)g([x , y ])dy .

Then [f ⇤ g = f̂ · ĝ .
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Fundamental solution of the heat equation

1

2
�Hn (t,r) =

@

@t
 (t,r), (1)

�Hn = @2

@r2 + (n � 1) coth r @
@r ,

 (t,r) - fundamental solution. s(r) = sinhn�1 r ,�(r) = �0(cosh r).
Applying the Fourier Transform to (1):

1

2
(n � 1)

1Z

0

�(r) coth r
@ (t,r)

@r
sinhn�1(r)dr

| {z }
(1)

+

+
1

2

1Z

0

�(r)
@2 (t,r)

@r2
sinhn�1(r)dr

| {z }
(2)

=

1Z

0

�(r)
@ (t,r)

@t
sinhn�1(r)dr
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(1) (n�1)

1Z

0

�(r) coth r
@ 

@r
sinhn�1 rdr =

1Z

0

�(r)
@ 

@r

@s

@r
dr = �(r)

@s

@r
 |10 �

�
1Z

0

 

✓
@�

@r

@s

@r
+ �(r)

@2s

@r2

◆
dr = �

1Z

0

 

✓
@�

@r

@s

@r
+ �(r)

@2s

@r2

◆
dr .

(2)

1Z

0

�(r)
@2 

@r2
sinhn�1 rdr =

1Z

0

 (r ,t)
@2

@r2
(�(r)s(r)) dr =

=

1Z

0

 (r ,t)

✓
s(r)

@2�(r)

@r2
+ 2

@�(r)

@r

@s(r)

@r
+ �(r)

@2s(r)

@r2

◆
dr
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Left side: �n�1

1Z

0

�(r)�Hn (t,r) sinhn�1 rdr = �n�1

1Z

0

 (t,r)(s(r)
@2�(r)

@r2
+

+
@�(r)

@r

@s(r)

@r
) sinhn�1 rdr = �n�1

1Z

0

 (t,r)�Hn�(r) sinhn�1 rdr =

= �(�2 + ⇢2)�n�1

1Z

0

 (t,r)�(r) sinhn�1 rdr = �(�2 + ⇢2) ̂(�, t).

Right side: �n�1

1Z

0

�(r)
@ (t, r)

@t
sinhn�1 rdr =

�n�1
@

@t

1Z

0

�(r) (t,r) sinhn�1 rdr =
@

@t
 ̂(�, t)
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Then we have

�(�2 + ⇢2)

2
 ̂(�, t) =

@

@t
 ̂(�, t)

Therefore,

 ̂(�, t) = exp(
�(�2 + ⇢2)

2
t), ⇢ =

n � 1

2

Using Fourier Inversion formula we get

 (t,r) =
2n�1

2⇡�n�1

1Z

0

exp(
�(�2 + ⇢2)

2
t)��(x)|c(�)|�2d�,

where c(�) = 22⇢�1�(⇢+1)�(i�)
⇡1/2�(⇢+i�)

=
2n�2�( n2 )�(i�)p

⇡�(⇢+i�)
- Harish-Chandra c-function.

|c(�)|�2 =
⇡

22n�4�(n2 )
2

�(⇢+ i�)2

�(i�)2
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Fundamental solution in H
3

|c(�)|�2 = ⇡
22n�4�( n2 )

2
�(⇢+i�)2

�(i�)2 = ⇡
4�( 32 )

2

�(1+i�)2

�(i�)2 = ⇡2�2 ��(x) =
sinh(�r)
� sinh r

 (t,r) =
2n�1

2⇡�n�1

1Z

0

exp(
�(�2 + ⇢2)

2
t)��(x)|c(�)|�2d� =

=
exp(� t

2)

2⇡2

1Z

0

exp(��
2

2
t)
sinh(�r)

� sinh r
⇡2�2d� =

=
exp(� t

2)

2 sinh r

1Z

0

� exp(��
2

2
t) sinh(�r)d� =

=
exp(� t

2)

2 sinh r

r
p
⇡p

2t3/2
exp(� r2

2t
) =

r

(2⇡t)3/2 sinh r
exp(� t2 + r2

2t
)
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Fundamental solution in H
3

Definition 3

The normal distributed rotation invariant random variable with parameter
t on H

3 has distribution function

 t(r) =
r

(2⇡t)3/2 sinh r
exp(� t2 + r2

2t
).
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Thank you for attention
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