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Lévy Process

A stochastic process {X; : t > 0} is a Lévy process if Xo =0
and

» (Independent Increments) For any n» > 1 and
0<ty <t <..<ty,therandom variables X,
X, — Xty,--n Xy, — Xy, , are independent.

» (Stationary Increments) The distribution of X, — X does
not depend on s.

» Stochastic Continuity
» Cadlag Paths
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Infinitely Divisible Distributions

The characteristic function of an infinitely divisible distribution
can be written in the form

2
f(z) = E[e**] =exp {—;A +ibz

+ /R (% — 1 — izzh(z)) L(dx)}, 2eR
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Infinitely Divisible Distributions

The characteristic function of an infinitely divisible distribution
can be written in the form

2
f(z) = E[e**] =exp {—;A + ibz

+/ (eim — 1 —izzh(z)) L(dx)} , z€R
R
where A > 0, b € R, L is a Lévy measure satisfying

L({0}) = 0 and /(x2 A D) < g,
R
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Infinitely Divisible Distributions

The characteristic function of an infinitely divisible distribution
can be written in the form

2
f(z) = E[e**] =exp {—ZA + ibz
+/ (eim — 1 —izzh(z)) L(dx)} , z€R
R
where A > 0, b € R, L is a Lévy measure satisfying

L({0}) = 0 and /(mQ A D) < g,
R

For fixed h, the parameters A, L, b uniquely determine the
distribution and we write

p=ID(A,L,b)p.
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ID Distributions and Lévy Process

Associated with every infinitely divisible distribution
w=ID(A,L,b),is alLévy process {X;: t > 0}, where X; ~ u.
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ID Distributions and Lévy Process

Associated with every infinitely divisible distribution
w=ID(A,L,b),is alLévy process {X;: t > 0}, where X; ~ u.

The characteristic function of X; is (ji(z))".
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ID Distributions and Lévy Process

Associated with every infinitely divisible distribution
w=ID(A,L,b),is alLévy process {X;: t > 0}, where X; ~ u.
The characteristic function of X; is (ji(z))".

We denote the distribution of X; by u
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Tails of Infinitely Divisible Distributions

The Lévy measure governs the jumps of the process,
specifically

L(B)=E[#{te[0,1]: AX; #0,AX, € B}, BeB(R).
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Tails of Infinitely Divisible Distributions

The Lévy measure governs the jumps of the process,
specifically

L(B)=E[#{te[0,1]: AX; #0,AX, € B}, BeB(R).

Tails of the distribution u are intimately related to the tails of the
Lévy measure L.
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Tails of Infinitely Divisible Distributions

The Lévy measure governs the jumps of the process,
specifically

L(B)=E[#{te[0,1]: AX; #0,AX, € B}, BeB(R).

Tails of the distribution u are intimately related to the tails of the
Lévy measure L.

In particular for 5 > 0, if X ~ p=ID(A, L,b);, then

E|X|? < 0o if and only if lz|P L(dz) < oo.
lz|>1
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«a-Stable Distributions

For a € (0,2), a-Stable Distributions are a class of infinitely
divisible distributions with Lévy measure

M, (dz) = c_x 1, oda + cpz ¥, 0da.
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«a-Stable Distributions

For a € (0,2), a-Stable Distributions are a class of infinitely
divisible distributions with Lévy measure

M, (dz) = c_x 1, oda + cpz ¥, 0da.

These models are used for many applications and often provide
a good fit to data.
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«a-Stable Distributions

For a € (0,2), a-Stable Distributions are a class of infinitely
divisible distributions with Lévy measure

My(dz) = c_a 1%l codz 4+ cy 7171 5 0de.

These models are used for many applications and often provide
a good fit to data.

However, they have an infinite variance, which is not realistic for
many applications.

In practice there are often real-world frictions preventing such
heavy tails.
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Classical Tempered Stable Distributions

One way to deal with this is to consider distributions that look
“stable-like” in the center, but have lighter tails.
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Classical Tempered Stable Distributions

One way to deal with this is to consider distributions that look
“stable-like” in the center, but have lighter tails.

For a € (0, 2), classical tempered «-Stable Distributions are a
class of infinitely divisible distributions with Lévy measure

M(dz) = c_e 5% 7179, odx + cp e P+ %r ¥ o oda.

Tweedie (1984), Hougaard (1986), Koponen (1995), Boyarchenko
and Levendorskii (2000), Carr, Geman, Madan, and Yor (2002)
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General Tempered Stable Distributions

Rosinski (2007) and Rosinski and Sinclair (2010) suggested
the more general form

M(dz) = c_g(x)z™ 71 peodz 4 c;g(x)z ™ ™15 0da.
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General Tempered Stable Distributions

Rosinski (2007) and Rosinski and Sinclair (2010) suggested
the more general form

M(dz) = c_g(x)z™ 71 peodz 4 c;g(x)z ™ ™15 0da.

These are called general tempered stable distributions and
g : R — |0, 1] is called the tempering function.
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General Tempered Stable Distributions

Rosinski (2007) and Rosinski and Sinclair (2010) suggested
the more general form

M(dz) = c_g(x)z™ 71 peodz 4 c;g(x)z ™ ™15 0da.
These are called general tempered stable distributions and
g : R — |0, 1] is called the tempering function.

We extend this idea to more general infinitely divisible
distributions
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Tempered Lévy Measures

Let L be a Lévy measure and let g be a Borel function such that

Al1. 0 <g(z) <1lforallz € R, and
A2.

/R (Jzh(z)| V1) (1 - g(z)) L(dz) < cc.
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Tempered Lévy Measures

Let L be a Lévy measure and let g be a Borel function such that

Al1. 0 <g(z) <1lforallz € R, and
A2.

/R (Jzh(z)| V1) (1 - g(z)) L(dz) < cc.

Now set y
L(dz) = g(z)L(dx).

We call L the tempered Lévy measure and we call g the
tempering function.
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Tempered Infinitely Divisible Distributions

Let u = ID(A, L,b), and let

where

We call i the tempering of p.
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Tempered Lévy Processes

Let X = {X;:t >0} be a Lévy process with
X1 ~ U= ID(A,L, b)h
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Tempered Lévy Processes

Let X = {X;:t >0} be a Lévy process with
X1 ~ U= ID(A,L, b)h

Let X = {X; : t > 0} be a Lévy process with
X1 ~fi=ID(A,L,b).
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Tempered Lévy Processes

Let X = {X;:t >0} be a Lévy process with
X1 ~ U= ID(A,L, b)h

Let X = {X; : t > 0} be a Lévy process with
X1 ~fi=ID(A,L,b).

Note that
L(dz) = g(z)L(dz) + (1 — g(z)) L(dz) = L(dz) + p(dz)

where
p(dz) = (1 - g(x)) L(da).
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Tempered Lévy Processes

Let X = {X;:t >0} be a Lévy process with
X1 ~ U= ID(A,L, b)h

Let X = {X; : t > 0} be a Lévy process with
X1 ~fi=ID(A,L,b).

Note that
L(dz) = g(z)L(dz) + (1 — g(z)) L(dz) = L(dz) + p(dz)

where
p(dz) = (1 - g(x)) L(da).

We must understand the process governed by p.
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Removed Jumps

Let
p(dz) = (1 - g(z)) L(dz).
and
n = p(R) < 0.

Define the probability measure
n(B) =221 BeB®).

Let 71, Zs, ... L p1 and let {V; : t > 0} be an independent
Poisson process with intensity n. Now set

Ny
V, = ZZ t > 0.
=1
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Process of Removed Jumps

The characteristic function of the compound Poisson process

Nt
V, = ZZ t > 0.
=1

E [eimﬂ — exp {t /R (e — 1) p(dx)} , 2R

Let T = inf{t : N; > 0} and note that 7" ~ exp(n), i.e.

P(T>t)=e ™ t>0.
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Theorem

Let = ID(A,L,b)y, ji = ID(A,L,b),, V={V;:t>0},and T
be as described above. Let X = {X; : t > 0} be a Lévy
process, independent of V, with X, ~ i and set

Xe=X;+V;, t>0.
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Theorem o
Let = ID(A, L,b), i = ID(A, L,b), V ={V; : t >0}, and T
be as described above. Let X = {X; :t > 0} be a Lévy
process, independent of V, with X1 ~ [ and set

Xt:Xt-l—Vt, t>0.

1. The process X = {X; : t > 0} is a Lévy process with X| ~ p.
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Theorem

Let = ID(A,L,b)y, ji = ID(A,L,b),, V={V;:t>0},and T
be as described above. Let X = {X; : t > 0} be a Lévy
process, independent of V, with X, ~ i and set

Xe=X;+V;, t>0.

1. The process X = { X :t > 0} is a Lévy process with Xy ~ p.
2. 1f0<t<T, then X, = X,.
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Theorem

Let = ID(A,L,b)y, ji = ID(A,L,b),, V={V;:t>0},and T
be as described above. Let X = {X; : t > 0} be a Lévy
process, independent of V, with X, ~ i and set

X;=X;+V;, t>0.
1. The process X = { X :t > 0} is a Lévy process with Xy ~ p.
2. 1f0<t<T, then X, = X,.
3. Forany B € ®8(R) andt > 0 we have

P(X; € B) < e"P(X; € B).
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Theorem

Let = ID(A,L,b)y, ji = ID(A,L,b),, V={V;:t>0},and T
be as described above. Let X = {X; : t > 0} be a Lévy
process, independent of V, with X, ~ i and set

X;=X;+V;, t>0.
1. The process X = { X :t > 0} is a Lévy process with Xy ~ p.
2. 1f0<t<T, then X, = X,.
3. Forany B € ®8(R) andt > 0 we have

P(X; € B) < e"P(X; € B).

For relativistic stable distributions, a variant of this was given in
Ryznar (2002).
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Proof (sketch)
We have .
Xi=Xi+ Vg, t2>0.

1. Since the sum of independent Lévy processes is a Lévy
process, we just need to check that the characteristic function
of ut is the product of the characteristic function of X; and V;.
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Proof (sketch)

We have .
Xi =X +V,, t20.

1. Since the sum of independent Lévy processes is a Lévy
process, we just need to check that the characteristic function
of u! is the product of the characteristic function of X; and V;.
2. Since T = inf{t : Ny > 0}, V;, = 0fort < T. Hence, if
0<t<T,then X; = X;.
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Proof (sketch)

We have .
Xi =X +V,, t20.

1. Since the sum of independent Lévy processes is a Lévy
process, we just need to check that the characteristic function
of u! is the product of the characteristic function of X; and V;.
2. Since T = inf{t : Ny > 0}, V;, = 0fort < T. Hence, if
0<t<T,then X; = X;.

3. Since X and T are independent, by Part 2, we have

P(X;eB)e™™ = P(X;e B)P(T >t)=P(X;€ B,T >t)
= P(X;€B,T>t)<P(X;€B).

Hence )
P(X; € B) < "P(X; € B).
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Rejection Sampling

If we know how to simulate from p?, then this gives us a way to
use rejection sampling to simulate from ji’.
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Rejection Sampling

If we know how to simulate from p?, then this gives us a way to
use rejection sampling to simulate from ji’.

Assume that X; and X, have pdfs f; and f;, respectively.
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Rejection Sampling

If we know how to simulate from p?, then this gives us a way to
use rejection sampling to simulate from ji’.

Assume that X; and X, have pdfs f; and f;, respectively.

This holds e.g. if L(dx) = ¢(x)dz and [ g(x)l(x)dz = co.
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Rejection Sampling

If we know how to simulate from p?, then this gives us a way to
use rejection sampling to simulate from ji’.

Assume that X; and X, have pdfs f; and f;, respectively.
This holds e.g. if L(dx) = ¢(x)dz and [ g(x)l(x)dz = co.
Theorem 1 implies that, for Lebesgue almost every z,

filw) < & fi(@),
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Rejection Sampling

If we know how to simulate from p?, then this gives us a way to
use rejection sampling to simulate from ji’.

Assume that X; and X, have pdfs f; and f;, respectively.
This holds e.g. if L(dx) = ¢(x)dz and [ g(x)l(x)dz = co.
Theorem 1 implies that, for Lebesgue almost every z,

filw) < & fi(@),

Thus, we can set up a rejection sampling algorithm to sample
from f; as follows.
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Algorithm

Algorithm 1.

Step 1. Independently simulate U ~ U(0,1) and Y ~ f;.

Step 2. If U < e " f,(Y)/f,(Y) accept, otherwise reject and go
back to Step 1.
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Algorithm

Algorithm 1.

Step 1. Independently simulate U ~ U(0,1) and Y ~ f;.

Step 2. If U < e " f,(Y)/f,(Y) accept, otherwise reject and go
back to Step 1.

The probability of acceptance on a given iteration is p; = e~ .
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Algorithm

Algorithm 1.

Step 1. Independently simulate U ~ U(0,1) and Y ~ f;.

Step 2. If U < e " f,(Y)/f,(Y) accept, otherwise reject and go
back to Step 1.

The probability of acceptance on a given iteration is p; = e~ .

The expected number of iterations before the first acceptance is
It = e”t.
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Algorithm

Algorithm 1.

Step 1. Independently simulate U ~ U(0,1) and Y ~ f;.

Step 2. If U < e " £,(Y)/f:(Y) accept, otherwise reject and go
back to Step 1.

The probability of acceptance on a given iteration is p; = e~ .

The expected number of iterations before the first acceptance is
It = e”t.

When t — 0 then p; — 1 and I; — 1.

Thus the algorithm works well for small ¢.

Michael Grabchak Simulation of Tempered Lévy Processes



Algorithm

Algorithm 1.

Step 1. Independently simulate U ~ U(0,1) and Y ~ f;.

Step 2. If U < e " £,(Y)/f:(Y) accept, otherwise reject and go
back to Step 1.

The probability of acceptance on a given iteration is p; = e~ ".

The expected number of iterations before the first acceptance is
It = e”t.

However, when ¢ — oo then p, — 0 and I; — .

Thus the algorithm fails for large t.
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When t is “medium” size, we can do the following:

For some n € N, use Algorithm 1 to sample
iid 7
Y1,Y2, .., Yu ™ fin

Then . )
Xt:Y1+}/2++Yant

In this case, we only expect to need nl;/, = ne™/™ iterations.

The optimal choice of n is near nt.
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Medium Size ¢t (Example)

Say we want to simulate one observation when ¢ = 10 and
n=1.

To do this directly, we expect to need 1o = e'° ~ 22026
iterations.

To simulate 10 observations when ¢t = 1 and n = 1 we only
expect to need 101; = 10 x e! ~ 27 iterations.
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Simulations

Fix @ € (0,1). Let u = ID(0, M,,0)o be a symmetric a-stable
distribution with
My (dz) = c|z|~17%dz.
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Simulations

Fix @ € (0,1). Let u = ID(0, M,,0)o be a symmetric a-stable
distribution with
My (dz) = c|z|~17%dz.

Fix ¢ > 0, consider the tempering function

a+l+1

_ > —|z|u 141 —2—a—L, —2—aq,
g(x) a2F(1—a)/0 e (1+4+1/u) u u

and let ji = ID(0, My, 0)o.
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Simulations

Fix @ € (0,1). Let u = ID(0, M,,0)o be a symmetric a-stable
distribution with
My (dz) = c|z|~17%dz.

Fix ¢ > 0, consider the tempering function

a+l+1

-0 00 —|z|u 1 1 —2—a—/¢ —2—ad ]
g(x) a2F(1—a)/0 e (1+4+1/u) u u

and let i = ID(0, M., 0)o.

i1 is a tempered stable distribution for which, up to now, there
has been no exact simulation technique beyond the inversion
method.
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Simulations

For our simulations, we take o« = .75, ¢ = 1, and ¢ = 0.059.
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Simulations

For our simulations, we take o« = .75, ¢ = 1, and ¢ = 0.059.

This choice of ¢ ensures that n = 1.
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Simulations

For our simulations, we take o« = .75, £ = 1, and ¢ = 0.059.
This choice of ¢ ensures that n = 1.

We simulated 3000 observations from .
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Simulations

For our simulations, we take o = .75, / = 1, and ¢ = 0.059.
This choice of ¢ ensures that n = 1.
We simulated 3000 observations from .

We expect to obtain 3000 x e~! = 1103.6 observation.
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Simulations

For our simulations, we take a = .75, ¢ = 1, and ¢ = 0.059.
This choice of ¢ ensures that n = 1.

We simulated 3000 observations from .

We expect to obtain 3000 x e~! = 1103.6 observation.

We obtained 1110 observations.
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KDE for Simulated Data

Simulated Tempered Stable

Figure: Tempered Stable KDE
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Lévy Process

We convert the 1110 observations {Y1,Y>,..., Y1110} into a
simulated Lévy process by taking

t
X =>Y, t=1,2,..,1110.
=1
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Simulated Lévy Processes

Simulated Levy Process (Tempered Stable)
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Comparison with Inversion Method

Algorithm 1 Inversion Method
t | runtime iterations obs | runtime  obs ratio
1 24.71 3000 1121 | 285.21 1000 | 0.09
2 47.40 6000 1105 | 255.88 1000 | 0.19
5 | 118.56 15000 1104 | 224.23 1000 | 0.53
10 | 237.75 30000 1084 | 193.32 1000 | 1.23
20 | 443.29 56000 1024 | 191.01 1000 | 2.32

Here Algorithm 1 is performed without the modification.
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Comparison with Inversion Method

Algorithm 1 Inversion Method
« L run time obs run time obs | ratio
.50 0.5 ]66.841sec 1057 | 785.870 sec 1000 | 0.085
50 1.0 | 30.531sec 1116 | 338.867 sec 1000 | 0.090
50 5.0 | 47.035sec 1090 | 509.506 sec 1000 | 0.092
.75 0.5 | 53.346sec 1124 | 668.588 sec 1000 | 0.080
75 1.0 | 23.844sec 1082 | 282.788 sec 1000 | 0.084
.75 5.0 | 37.3583sec 1093 | 448.820 sec 1000 | 0.083
95 0.5]51.121sec 1101 | 601.804 sec 1000 | 0.084
95 1.0 | 23.444sec 1096 | 278.804 sec 1000 | 0.084
95 5.0 | 38.190sec 1100 | 470.784 sec 1000 | 0.081

Table: Here t = 1 and n = 1. For Algorithm 1, the obs column gives
the number of random variables obtained based on a sample for 3000
from the stable distribution.
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Part Il: Simulation of Tempered Stable
OU-Processes

Michael Grabchak Simulation of Tempered Lévy Processes



TSOU-Processes

We can use the results of the previous section to simulate other
related processes.

In this part we discuss simulation of Tempered Stable
Processes of Ornstein-Uhlenbeck-type or TSOU-processes

Such processes are mean reverting, which makes them useful
for a variety of application.

In math finance that are often used to model:
» Stochastic volatility
» Stochastic interest rate
» Conversion rates
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Generalized TS Distributions

Recall that a general tempered stable distribution has a Lévy
measure of the form

M(dz) = c_g(z)x™ "1 codz + ¢y g(x)z ™ 145 0da.

where « € (0,2) and g is a tempering function. We denote the
corresponding distribution TS, (g, c—, cy).
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Generalized TS Distributions

Recall that a general tempered stable distribution has a Lévy
measure of the form

M(dz) = c_g(z)x™ "1 codz + ¢y g(x)z ™ 145 0da.

where « € (0,2) and g is a tempering function. We denote the
corresponding distribution TS, (g, c—, cy).

Recall that
Al1. 0<g(zx) <1forallz € R, and
A2.

[ bl v 1 - gla) 2iae) < o
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Generalized TS Distributions

Recall that a general tempered stable distribution has a Lévy
measure of the form

M(dz) = c_g(z)x™ "1 codz + ¢y g(x)z ™ 145 0da.

where « € (0,2) and g is a tempering function. We denote the
corresponding distribution TS, (g, c—, cy).

Recall that
Al1. 0<g(zx) <1forallz € R, and
A2.

[ bl v 1 - gla) 2iae) < o

In addition, we assume that
A3. g(x) is monotonely increasing on (—oo, 0) and monotonely
decreasing on (0, c0).
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Generalized TS Distributions are Selfdecomposable

The additional condition ensure that the distribution is
selfdecomposable.
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Generalized TS Distributions are Selfdecomposable

The additional condition ensure that the distribution is
selfdecomposable.

This implies that
» The distribution has a unimodal pdf

» The distribution is the stationary distribution of some
OU-process
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Let Z ={Z, : t > 0} be a Lévy process with Z; = ID(A, M, b),
let A > 0, and define a process Y; by the stochastic diff eq

dY; = = A\Ydt + dZ,
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Let Z ={Z, : t > 0} be a Lévy process with Z; = ID(A, M, b),
let A > 0, and define a process Y; by the stochastic diff eq

dY; = = A\Ydt + dZ,

The solution is a Markov processes of the form
t

Y, = e MY —i—/ e Mt=s)qz,.
0

We call this an OU-process and we call Z the BDLP.
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Let Z ={Z, : t > 0} be a Lévy process with Z; = ID(A, M, b),
let A > 0, and define a process Y; by the stochastic diff eq

dY; = = A\Ydt + dZ,

The solution is a Markov processes of the form
t

Y, = e MY —i—/ e Mt=s)qz,.
0

We call this an OU-process and we call Z the BDLP.

For A = 0 and an appropriate choice of M, the stationary
distribution of this process is tempered stable

We call it a TSOU-Process
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Transition Laws of TSOU-Processes

Theorem
Let{Y; :t > 0} be a TSOU-process with parameter A > 0 and

limiting distribution TS, (g, c—, c+). Under mild conditions on g,
fort > 0 if we are given'Y; =y, then

N
d _
Yot = e My+dare + Xo+ Y X
=1

where N, Xy, X1, X2, X3,... are indep. random variables with:
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Transition Laws of TSOU-Processes

Theorem

Let{Y; :t > 0} be a TSOU-process with parameter A > 0 and
limiting distribution TS, (g, c—, c+). Under mild conditions on g,
fort > 0 if we are given'Y; =y, then

N
d _
Yot = e My+dare + Xo+ Y X
=1

where N, Xy, X1, X2, X3,... are indep. random variables with:
1. Xo ~ TSa(g,c_,c})
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Transition Laws of TSOU-Processes

Theorem

Let{Y; :t > 0} be a TSOU-process with parameter A > 0 and
limiting distribution TS, (g, c—, c+). Under mild conditions on g,
fort > 0 if we are given'Y; =y, then

N
d _
Yot = e My+dare + Xo+ Y X
=1

where N, Xy, X1, X2, X3,... are indep. random variables with:
1. Xo ~ TSa(g,c_,c})
2. N has a Poisson distribution with mean K e,

Michael Grabchak Simulation of Tempered Lévy Processes



Transition Laws of TSOU-Processes

Theorem

Let{Y; :t > 0} be a TSOU-process with parameter A > 0 and
limiting distribution TS, (g, c—, c+). Under mild conditions on g,
fort > 0 if we are given'Y; =y, then

N
d _
Yot = e My+dare + Xo+ Y X
=1

where N, Xy, X1, X2, X3,... are indep. random variables with:
1. Xo ~ TSa(g,c_,c})

2. N has a Poisson distribution with mean K e,

3. X1, X5, X3, ... are iid random variables with pdf

1

h(u) = = (9(w) — g(ue™)) u'~
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Modified Log-Laplace Distribution

A modified log-Laplace distribution has pdf

adP

g(z;a,p,0) = méf(pfa) (p— Oz)xpfafll[oﬁtg(;]
p—a a, —l—a
+ma5 i 1[:c>6]'

We denote this by MLL(«, p, 9).
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Modified Log-Laplace Distribution

A modified log-Laplace distribution has pdf

adP

g(z;a,p,0) = méf(pfa) (p— Oz)xpfafll[oﬁtg(;]
p—a a, —l—a
+ma5 i 1[:c>6]'

We denote this by MLL(«, p, 9).
If Uy, Us % U(0,1), then

Y = U/ 81, o + Uy V011,54 ~ MLL(a, p, 6).
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Without loss of generality, we assume that g(u) = 0 for u < 0
and the general case is a mixture of such cases.

We assume that in a neighborhood of 0, ¢ satisfied a
Lipschitz-type condition. Specifically that for some M, e, p > 0, if
u,v € (0,¢€)

l9(u) — g(v)] < M |uP — o]

In this case, we say that g belongs to Class F and write
g € CFa(e, M, p).
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Without loss of generality, we assume that g(u) = 0 for u < 0
and the general case is a mixture of such cases.

We assume that in a neighborhood of 0, ¢ satisfied a
Lipschitz-type condition. Specifically that for some M, e, p > 0, if
u,v € (0,¢€)

l9(u) — g(v)] < M |uP — o]

In this case, we say that g belongs to Class F and write
g € CFa(e, M, p).

The TS distribution studied in Rosinski (2007) or G. (2012,
2016) belong to Class F.
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Simulation From A

We want to simulate from
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Simulation From A

We want to simulate from

If g € CF.(e, M,p) and f is the pdf of MLL(«, p, d9), then

h(u) <V f(u), u>0,
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Simulation From A

Algorithm 2.
1. Independently simulate U ~ U(0,1) and Y ~ MLL(«, p, dp).
2. If U < p(Y) return Y, otherwise go back to step 1.

Where

g9(u) — g(ue) |
(upl[0<u§50] i 1[u>50}) max{17 M (ep)\t _ 1)}

p(u) =
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Simulation From A

Algorithm 2.
1. Independently simulate U ~ U(0,1) and Y ~ MLL(«, p, dp).
2. If U < p(Y) return Y, otherwise go back to step 1.

Where

g9(u) — g(ue) |
(upl[0<u§50] i 1[u>50}) max{17 M (ep)\t _ 1)}

p(u) =

Under addition assumptions, we can take the proposed
distribution to be a generalized gamma distribution, which
improves performance.
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Simulations

We perform a series of simulations.

We again focus on the case where

a+f+1

_ > —|z|u 141 —2—a—/¢ —2-aqu.
ola) = g [ e L) ey
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Simulation Results

Simulated Distribution Simulated Distribution

T
-0.010 -0.005 0.000 0.005 0010 10

Flgure KDE (SO|Id line) W|th the true pdf (dashed Ilne) overlald
These are presented at two scales.
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Simulated TSOU-processes

Simulated TSOU-Process Simulated TSOU-Process

T T
0 20 a0 60 80 100 0 20 a0 60 80 100

a=.550=1\1=1 a=.750=1\1=1
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PDF of Limiting Distribution PDF of Limiting Distribution

a=.550=1\1=1 a=.750=1\1=1

Figure: We simulated 3000 TSOU-processes (with the same
parameters) up to time 7' = 100. We then consider the last
observation for each process and plot the KDE these observations
(solid line) overlaid with the true pdf of the stationary distribution.
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Extensions

In the papers we consider a more general situation:

1. All results of both parts are extended to the multivariate case
2. Cases with less strict conditions on ¢ are considered
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Plot of 1 and

PDFs of Stable and Tempered Stable Distributions PDFs of Stable and Tempered Stable Distributions

T T T T T T T T T T T T T
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure: The solid line is the pdf of the stable distribution x and the
dashed line is the pdf of the tempered stable distribution /i.
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Next we want to simulate from j'°.
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Next we want to simulate from j'°.

To get one such observations, it is easier to simulate 10
observations from i and aggregate.

We simulated 30000 observations from p

This gave 11130 observations from /.
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Next we want to simulate from j'°.

To get one such observations, it is easier to simulate 10
observations from i and aggregate.

We simulated 30000 observations from p
This gave 11130 observations from /.

We convert these into 1113 observations from j1'°.
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Plots for ¢t = 10

PDFs of Stable and Tempered Stable Distributions, t=10 Simulated Tempered Stable, t=10

05
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S

Figure: On the left, the solid line is the pdf of 4'° and the dashed line
is the pdf of i'°. On the right, the solid line is the KDE of the

simulated values from /1%, and the dashed line is the smoothed pdf of
~10
n.
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Comparison with Inversion Method

Algorithm Inversion Method
« ¢ | runtime obs |runtime obs ratio
.50 05| 66.841 1057 | 785.870 1000 | 0.085
S50 1.0| 30.531 1116 | 338.867 1000 | 0.090
50 5.0| 47.035 1090 | 509.506 1000 | 0.092
.75 05| 53.346 1124 | 668.588 1000 | 0.080
75 1.0| 23.844 1082 | 282.788 1000 | 0.084
.75 5.0 | 37.353 1093 | 448.820 1000 | 0.083
95 05| 51.121 1101 | 601.804 1000 | 0.084
95 1.0 | 23.444 1096 | 278.804 1000 | 0.084
95 5.0 | 38.190 1100 | 470.784 1000 | 0.081
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