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Aim : The aim of this talk is to consider systems of
nonlinear Kolmogorov type equations arising in
various applications in particular in physics, biology,
population dynamics and banking and so on.
We are interested in stochastics underlying solution
of the (backward and/or forward ) Cauchy
problem

fs + F (x , f ,∇f ,∇2f ) = 0, f (T , x) = f0(x),

or

gt = F (x , g ,∇g ,∇2g), g(0, x) = f0(x)

where f , g : [0,T ]× Rd → Rd1, and
F ,G : Rd × Rd1 ×M × N → Rd1, M = Rd ⊗ Rd1,

N = Rd ⊗ Rd ⊗ Rd1.
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Nonlinear PDEs
Consider the Cauchy problem for a semilinear
backward PDE

ut +
1

2
TrAu(x)∇2u[Au]∗(x) + 〈au(x),∇〉u = 0

= ut+Luu(t) (1)

u(T, x) = u0(x), au(x) = a(x , u(x)).
If u ∈ C 1,2 solves (1), then by Ito’s formula
u(T , ξu(T ))− u(t, x) =

∫ T

t [us +Luu](s, ξu(s))ds +∫ T

t 〈∇u(s, ξu(s)),A(ξu(s), u(s, ξu(s)))dw(s)〉 and
hence

u(t, x) = Eu0(ξu
t,x(T))

dξu(θ) = au(ξu(θ))dθ + Au(ξu(θ))dw(θ), ξu(t) = x.
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Consider the forward Cauchy problem

vt = Lvv(t), v(0, x) = u0(x), (2)

Lvu = 1
2TrAv(x)∇2u[Av]∗(x) + 〈av(x),∇〉u.

There are two ways to construct a probabilistic
representation to (2).
1) Assuming u ∈ C 1,2 solves (2) we choose
v(t, x) = u(T − t, x) and apply the above
construction to v(t, x).
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But if we consider (2) as an equation for a measure
density of a certain diffusion process then to get a
generator of this process by definition we have to
consider a dual equation derived from

−
∫
Rd

u0(x)h(0, x)dx −
∫ ∞
0

∫
Rd

u(t, x)ht(t, x)dxdt

=

∫ ∞
0

∫
Rd

u[
1

2
Tr∇2[Gu(x)h]− 〈∇, au(x)h〉]dxdt

valid for any test function h ∈ C 1,2
0 ([0,∞)× Rd).

Here G u = Au[Au]∗. Consider

ht +
1

2
Tr∇2[Gu(x)h]− 〈∇, au(x)h〉] = 0, (3)
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Probabilistic representations of the Cauchy problem
solutions for scalar linear and nonlinear
parabolic equations
i) Classical sol. MkKean (1966), Freidlin
(1967,1980) Bel-Dalecky (80-90),
ii)Viscosity sol. Pardoux, Peng, and others (
90- till now)
iii) Generalized sol. for linear PDEs
Kunita (1994), Bally, Matoussi (2001),
Matoussi, Xu (2008) (forward and backward)
Bogachev (2000- 2010)
and for nonlinear PDEs
Bel-Woyczynski (2006-2007, 2013),
Kolokoltsov (2005 –2010),
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Nonilinear systems
Set Gmlκl =

∑d1
l=1 G

mlκl (Summing over
repeated indices)

∂um

∂s
+

1

2
Gml

ij (x,u)
∂2ul

∂xi∂xj
+ Blm

i (x,u)
∂ul

∂xi
+ gm(x,u) = 0,

um(T, x) = um
0 (x). (4)

∂um

∂t
=

1

2
Gml

ij (x,u)
∂2ul

∂xi∂xj
+ Blm

i (x,u)
∂ul

∂xi
+ gm(x,u).

um(0, x) = um
0 (x), (5)
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I. Systems with diagonal principal part
1) Lu(x)v = 1

2A
u
jk(x)∇2

ijvA
u
ki(x) + aui (x)∇iv

um
s + Lu(x)um+Blm

i (x,u)
∂ul

∂xi
+ clm(x,u)ul = 0.

u(T, x) = u0(x), (6)

2) B lm
i (x , u) ≡ 0, Lu

m(x)v =
1
2A

u
jk(x ,m)∇2

ijvA
u
ki + aui (x ,m)∇iv

um
s + Lu

m(x)um+

d1∑
l=1

cml(x,u)ul= 0, u(T, x) = u0(x),

(7)
m = 1, . . . , d1. No summation in m!
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3) B lm
i (x , u) 6= 0.

um
t +Bml

i (x,u)
∂ul

∂xi
= Lu

m(x)um, u(0, x) = u0(x).

(8)
MHD-Burgers

∂v

∂t
+ 〈v,∇〉v =

1

2
ν2∆v + (∇× B)× B, v(0) = v0,

(9)
∂B

∂t
=

1

σ2
∆B +∇× (v × B), B(0, x) = B0(x),

(10)
B(t, x) ∈ R3 –magnetic field, v(t, x) ∈ R3 - velocity,
× – vector product, t ∈ [0,∞), x ∈ R3.
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4) Systems with nondiagonal principal part
Population dynamics

∂um

∂t
= ∆(um[u1 + u2]) + cmu u

m, m = 1, 2, (11)

u1(0, x) = u10(x), u2(0, x) = u20(x),
where

cmu = cm − cm1u
1 − cm2u

2

and cm, cmk ,m, k = 1, 2 are positive constants.
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PDE results for systems of type :
(1) Ladyzenskaya O, Solonnikov V.,
Uraltzeva N. (1967) Linear and quasilinear
equations of parabolic type.
(2) D. H. Sattinger (1976)
(3,4) H. Amann (1989)
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Probabilistic representations of the Cauchy problem
solutions for systems of type (1)
a) Classical solutions Bel-Dalecky (80-90),
b) Viscosity solutions Bel (2013-2015),
c) Generalized solutions Bel-Woyczynski
(2011-2013),
(2) Classical solutions M.Kac (1956) Griego,
Hersh (1968), Freidlin (1980)
Classical and viscosity sol. Pardoux, Peng,
Antonnely, Ma, Yong,..... (1992 -till now)
Probabilistic representations of the Cauchy problem
generalized solutions for systems of type (3, 4).
Bel (2015-2017)
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Mean field approach or limit of diffusive stochastic
population dynamics
Fontbona J., Meleard S.(2015),
Galiano G., Selgas V., (2014)
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1. i) Semilinear case d1 > 1 The Cauchy problem

um
s + Lu(x)um+Bml(x,u)∇ul + cml(x,u)ul= 0,

(7)
u(T , x) = u0(x).
The correspondent stochastic problem has the form
ξ(s) = x ∈ Rd,

dξ(θ) = a(ξ(θ), u(θ, ξ(θ)))dθ+A(ξ(θ), u(θ, ξ(θ)))dw(θ), ,
(12)

dη(θ) = c(ξ(θ), u(θ, ξ(θ)))η(θ)dθ

+C (ξ(θ), u(θ, ξ(θ)))(η(θ), dw(θ)), η(s) = h ∈ Rd1,

(13)
〈h, u(s, x)〉 = E [〈η(T ), u0(ξs,x(T ))〉], (14)

where B lm
i = C lm

j Aji .
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Condition C 1
a(x , u),A(x , u) satisfy Lipschitz condition in x and
u, sublinear in x and have polynomial growth in u,

‖u0‖ = supx‖u(0, x)‖ ≤ K0, ‖ux(0, x)‖ ≤ K 1
0 .
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Condition C 2 = Condition C 1 +

2〈c(x , v)h, h〉 ≤ [ρ0 + ρ‖v‖2]‖h‖2,

‖(C (x , v)h)‖2 ≤ ρ[1 + ‖v‖2]‖h‖2,
2〈[c(x , v)−c(x1, v1)]h, h〉+‖[C (x , v)−C (x1, v1)]h)‖2

≤ Lv‖x − x1‖2 + K (r)‖v − v1‖2]‖h‖2,
where C , ρ, L, L1L(v ,v1) > 0 and ρ0– constants and
r = max(‖v‖, ‖v1‖).
Condition C 3 = C 1 + C 2 for derivatives
a
(k)
x ,A

(k)
x , c (k)x , C (k)

x , k = 1, 2.
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Theorem

Let u(s, x) be a classical solution to of the Cauchy
problem (7) and C 2 holds. Then u(s, x) admits a
probabilistic representation of the form (14), where
ξ(t) and η(t) satisfy (12) and (13).
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Theorem

Assume that there exists a solution to (12)-(14) and
u(s) ∈ C 2. Then u(s, x) stands for the unique
classical solution of (7).

Theorem

Assume that C 3 holds for k = 1 and u0 ∈ C 1. Then
there exists an interval [τ,T ] such that for s ∈ [τ,T ]
there exists a unique solution of (12)-(14).
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Theorem

Assume C 3 holds for k = 3 and u0 ∈ C 2. Then
there exists an interval [τ1,T ] ⊂ [τ,T ] such that for
s ∈ [τ1,T ] the function u(s, x) of the form (14) is
the unique classical solution of (7).
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∂vm

∂s
+ Lv

mvm + [Qvv]m = 0, vm(t, x) = v0m(x),

(15)

Lv
mvm = am(x , v)·∇vm+

1

2
TrAm(x , v)∇2vmA

∗
m(x , v)

[Qvv ]m =

d1∑
j=1

qvlmvm.

P{γ(t + ∆t) = l|γ(t) = j, (ξ(θ), γ(θ)), θ ≤ t} = qv
jl(ξ(t))∆t + o(∆t), l 6= j.
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dξ(t) = av(ξ(t), γ(t))dt + Av(ξ(t), γ(t))dw(t), ξ(s) = x, γ(s) = m,
(16)

dγ(θ) =

∫
R

gv(ξ(θ), γ(θ−), z)p(dθ,dz), γ(s) = l,

v(s, x,m) = E[v0(ξs,x(T), γs,m(T))]. (18)

g v(x , l , z) =

{
m − l if z ∈ ∆v

lm(x),

0 else

∆v
lm(x) are consecutive, left closed, right open

intervals of the real line, each having length qvlm(x).
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Smooth solutions (Bel 16), viscosity solutions ( PPR
1997)

Theorem
Assume that u0(m) ∈ C 2 and coefficients
aum,A

m(u), qm(u) ∈ C 2. Then the function v(s, x ,m)
given by (18) is a unique classical solution of (15).
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The common feature of systems (7) and (15) is that
they are equivalent to scalar parabolic equations in
new phase spaces

∂Φ

∂s
+

1

2
TrG (κ, u)∇2ΦG ∗z , u) + 〈g(z , u),∇Φ〉 = 0,

относительно Φ(s, z) = 〈h, u(s, x)〉, z = (x , h).

TrG∇2Φ(s, x , h)G ∗ = Aik
∂2Φ(s, x , h)

∂xi∂xj
Akj

+2C lm
k hl

∂2Φ(s, x , h)

∂xj∂hm
Ajk , 〈g ,∇Φ(s, x , h)〉

= aj
∂Φ(s, x , h)

∂xj
+ clmhm

∂Φ(s, x , h)

∂hl
.
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Shigesada, Kawasaki and Teramoto model of
spatial segregation of interacting species (1979)

∂um

∂t
= ∆(um[u1 + u2]) + cmu u

m, (19)

um(0, x) = um0 (x), m = 1, 2,

where cmu = cm − cm1u
1 − cm2u

2 and
cm, cmk ,m, k = 1, 2 are positive constants.
Keller-Segel model in chemotaxis

∂um

∂t
= div(Cm(u1, u2)∇u1+Bm(u1, u2)∇u2])+cmu u

m,

(20)
um(0, x) = um0 (x), m = 1, 2,
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A pair of functions u1, u2 is a generalized solution of
(19) if it has the following properties:
i) u1, u2 ∈ L∞loc([0,∞); L∞(Rd)) ∩W and u1, u2 ≥ 0
a.e. in (0,∞)× Rd ;
ii) ∇um ∈ L2loc((0,∞)× Rd),
iii) for any test function h ∈ C∞0 ([0,∞)× Rd) with
compact support∫ ∞

0

〈〈um(θ), [
∂h(θ)

∂θ
+ [u1(θ) + u2(θ)]∆h(θ)]〉〉dθ

+

∫ ∞
0

〈〈um(θ), cmu h(θ)〉〉dθ = −〈〈um0 , h(0)〉〉.
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Set
1

2
M2

u(x) = u1(t, x) + u2(t, x),

cmu (x) = cm − cm1u
1(t, x)− cm2u

2(t, x)

and consider the Cauchy problem for parabolic
equations

∂hm(s, y)

∂s
+

1

2
M2

u(y)∆hm(s, y) +cmu (y)hm(s, y) = 0,

(21)
hm(t, y) = hm(y), 0 ≤ s ≤ t.
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hm(θ, y) = E [ηm(t)hm(ξθ,y(t))], 0 ≤ θ ≤ t,m = 1, 2,
(22)

where ξ(t), ηm(t) are governed by SDEs

dξ(θ) = Mu(ξ(θ))dw(θ), ξ(0) = y , 0 ≤ θ ≤ t,
(23)

dηm(θ) = cmu (ξ(θ))ηm(θ)dθ, ηm(0) = 1. (24)
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We construct a probabilistic representation of a
regular generalized solution um(t, x),m = 1, 2 of
(19) assuming that um(t, x) exists and unique. Under
this assumption we can prove that there exists a
unique solution ξ(t) to (23) and its time reversal
ξ̂(θ) satisfies the stochastic integral equation

ξ̂0,x(θ) = x −
∫ t

θ

[Mu∇Mu](ξ̂0,x(τ))dτ

−
∫ t

θ

Mu(ξ̂0,x(τ))dw̃(τ), (24)

where 0 ≤ θ ≤ τ ≤ t.
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The main idea is the following
Let W = {h ∈ C 1,k

0 ([0,T ]× Rd)} be the space of
test functions and W ′ be its dual. Define u(t, ξ̂(t))
by ∫ T

0

∫
Rd

u(t, ξ̂0,x(t))h(t, x)dxdt

=

∫ T

0

∫
Rd

u(t, y)h(ξ0,y(t)J0,t(y)dydt

where J0,t – Jacobian of the map y = ξ̂0,x(t) Let
η(t) be a solution of

dη(θ) = cu(ξ0,y(θ))η(θ)dθ + Cu(ξ0,y(θ))η(θ)dw(θ),

η(0) = 1 with continuous cu(x),C u(x)
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Then ∫ T

0

∫
Rd

η̃(t)u(t, ξ̂0,x(t))h(t, x)dxdt

=

∫ T

0

∫
Rd

u(t, y)η(t)h(ξ0,y(t)J0,t(y)dydt

where

η̃(t) = exp

(∫ t

0

[cu(ξ̂θ,t(x))− 1

2
C2

u(ξ̂θ,t(x))]dθ

+

∫ t

0

Cu(ξ̂θ,t(x))dw(θ)

)
.
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Consider a stochastic process
γm(θ) = ηm(θ)h(ξ(θ))J(θ), where ξ(θ) satisfies (23)
and the process ηm(θ) satisfies a linear SDE

dηm(θ) = c̃mu (ξ(θ))ηm(θ)dθ+ηm(θ)〈Cm
u (ξ(θ)), dw(θ)〉, ηm(0) = 1

(25)
with coefficients c̃mu and Cm

u to be specified below.
In addition under suitable assumptions on functions
um there exists J(θ) = det∇ξ0,x(θ). To obtain an
explicit expression for dγm(θ) we apply the Ito
formula and in addition derive an expression for a
stochastic differential dJ(θ)

dJ(θ) = J(θ)〈∇Mu, dw(t)〉, J(0) = 1. (26)
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Lemma
Let coefficients c̃mu and Cm

u in(18) have the form
c̃mu (ξ(θ)) = cmu (ξ(θ))−〈∇Mu(ξ(θ)),∇Mu(ξ(θ))〉,
Cm
u (ξ(θ)) = −∇Mu(ξ(θ)). and ξ(θ), η(θ), J(θ)

satisfy (17),(18),(19). Then the processes
γm(θ) = ηm(θ)h(ξ0,y(θ))J(θ),m = 1, 2, have
stochastic differentials of the form

dγm(θ) =

[
1

2
M2

u∆h + cmu h

]
(ξ(θ))ηm(θ)J(θ)dθ

+〈Mu∇h(ξ(θ)), ηm(θ)J(θ)dw(θ)〉.
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Next we consider a system

um(t, x) = E [η̃m(t)um0 (ξ̂0,x(t))], m = 1, 2. (27)

dξ0,y(θ) = Mu(ξ0,y(θ))dw(θ), ξ0,y(0) = y , (28)

dηm(θ) = c̃mu (ξ(θ))η̂m(θ)dθ+Cm
u (ξ(θ))η̂m(θ)dw(θ), m = 1, 2,

(29)
d ξ̂0,x(θ) = [Mu∇Mu](ξ̂0,x(θ))dθ+Mu(ξ̂0,x(θ))dw̃(θ),

(30)
d η̃m(θ) = −c̃mu (ξ̂(θ))η̃m(θ)dθ−Cm

u (ξ̂(θ))η̃m(θ)dw(θ)

+[Cm
u (ξ̂(θ))]2η̃m(θ)dθ, (31)

ηm(0) = 1, ξ̂0,x(0) = x , η̃m(0) = 1.
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Theorem
Assume that there exists a generalized solution u1, u2

of the Cauchy problem (19). Then um admit a
probabilistic representation of the form (27) where
ξ̂(θ) solves (30) and η̃(θ) solves (31) .

Unfortunately we are not able still to treat the system
(27),(30), (31) independent on the original system
(19) since this system is not a closed one yet. To get
a closed system we need a probabilistic representation
for ∇u as well.
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By formal differentiation of the system

∂um

∂t
= ∆[um(u1+u2)]+cmu u

m, um(0, x) = um0 (x),

(10)
we get a PDE for vmi = ∇iu

m

∂vmi
∂t

= ∆{vmi (u1 +u2) +um(v 1 +v 2)}+um∇ic
m(u)

+cm(u)vmi , vmi (0, x) = ∇iu
m
0 (x). (11)
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∂h

∂θ
+(u1+u2)∆h+cm(u)h = 0, h(T , y) = h0(y),

(12)
we get a PDE for gi = ∇ih

∂gi
∂θ

+ (u1 + u2)∆gi + (v 1i + v 2i )divg +∇ic
m(u)h

+cm(u)gi = 0, gi(0, y) = ∇ih0(y). (13)
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In addition note that we can construct a stochastic
representation of the solution to (12)-(13) in the
form

Gm(t, x) = E [ηm(T )G0(ξθ,x(T ))],

where G (0, x) = (h0(x), g0(x))∗ and stochastic
processes ξ(t) and ηmi (t) satisfy SDEs

dξ(t) =
√

2[u1(t, ξ(t)) + u2(t, ξ(t))dw(t), (14)

dηmj (t) = nmj ,u(ξ(t)ηj(t)dt + Nj ,u(ξ(t))ηmj (t)dw(t).

Here δ is the Kronecker symbol,

nmi ,u =

(
cmu 0
∇ic

m
u cmu

)
, Nm

i ,u =

(
0 0

0 [v1
i +v2

i ]√
2(u1+u2)

δ

)
(15)
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G (θ, x) = E

(
ηm00(T ) 0
ηmi0(T ) ηmi (T )

)(
h(ξ(T ))
∇h(ξ(T ))

)
,

(16)
and ηi(T )∇h(ξ(T )) =

∑d
j=1 ηji(T )∇jh(ξ(T )).

∂

∂t

(
um

vmi

)
= Zm

(
um

vmi

)
, m = 1, 2, i = 1, . . . , d .

(17)
where setting ū = u1 + u2, v̄i = v 1i + v 2i we obtain

Zm

(
um

vmi

)
= ∆

[(
ū 0
v̄i ū

)(
um

vmi

)]
+

(
cm11 0
cm21 cm22

)(
um

vmi

)
.

(18)
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Consider as well a dual system derived from above
relations as follows. Integrate over Rd a product of
(17) and a vector test function (h, gi)

∗, where
gi = ∇ih.
As a result we obtain a system of the form〈〈(

um

vm

)[
∂

∂t

(
h
g

)
+Qm

(
h
g

)]〉〉
= 0, (19)

where

Qm

(
h
g

)
=

(
ū v̄
0 ū

)
∆

(
h
g

)
+

(
cm11 0
cm21 cm22

)(
h
g

)
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or in the form〈〈(
um

vm

)[
∂

∂t

(
h
g

)
+

(
ū 0
0 ū

)
∆

(
h
g

)]〉〉

+

〈〈(
um

vm

)[(
0 Cm

12

0 0̃

)(
0

divg

)
+

(
c̃m11 0
c̃m21 c̃m22

)(
h
g

)]〉〉
= 0.
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Finally we get the closed system

d ξ̂0,x(θ) = [Mu∇Mu](ξ̂0,x(θ))dθ+Mu(ξ̂0,x(θ))dw̃(θ),

d ζ̂m(θ) = c̃mu (ξ̂(θ))ζ̂m(θ)dθ + Cm
u (ξ̂(θ)ζ̂m(θ)dw(θ),

ξ̂0,x(0) = x , ζ̂m(0) = I

with coefficients cmu ,C
m
u = −∇Mu and(

um(t, x)
∇um(t, x)

)
= E

[(
ζ̂m11(θ) 0

ζ̂m21(θ) ζ̂m22(θ)

)(
um0 (ξ̂0,x(θ))

vm0 (ξ̂0,x(θ))

)]
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MHD-Burgers

∂u

∂t
+
∂(uv)

∂x
= σ2∂u2

∂x2
, u(0, x) = u0(x) (20)

∂v

∂t
+

1

2

∂(u2 + v2)

∂x
= µ2∂v2

∂x2
, v(0, x) = v0(x),

(21)
We say u(t, x) = (u1(t, x), u2(t, x)) is a generalized
solution of (20), (21) if

sup
t∈[0,T ],x∈R

‖u(t, x)‖2 <∞
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and ∀h ∈ C 1,∞
0 [0,T )× R ,R2) we have∫ T

0

〈〈um(θ),
∂hm(θ)

∂θ
+ (Au

m + Bu
m)hk(θ)〉〉dθ

+〈〈um0,hm(0)〉〉 = 0, (22)

where m = 1, 2,

Au
1h1 =

1

2
σ2
∂2h1
∂x2

, Bu
1 h1(x) = u2

∂h1
∂x

,

Au
2h2 =

1

2
µ2
∂2h2
∂x2

, Bu
2 (x)h2(x) =

[
u21
2u2

+
1

2
u2

]
∂h2
∂x

.
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Consider SDE system

dξ1(θ) = σdw(θ), ξ1(s) = y, (23)

dξ2(θ) = µdw(θ), ξ2(s) = y, (24)

dη1(θ) = Cu
1(ξ1(θ))η1(θ)dw(θ), η1(s) = 1, (25)

dη2(θ) = Cu
2(ξ2(θ))η2(θ)dw(θ), η2(s) = 1, (26)

where

Cu
1(x) =

1

σ
u2(θ, x), Cu

2(x) =
1

2µ

[
u2(θ, x) +

u2
1(θ, x)

u2(θ, x)

]
(27)
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Stochastic test function in this case have the form
γm(θ) = ηm(θ)h(ξm(θ)) and

dγm(θ) = ηm(θ)[Am
u + Bm

u ]h(ξm(θ))dθ (28)

+ηm(θ)

[
C u
m(ξm(θ))h(ξm(θ)) + σm

∂h(ξm(θ))

∂y

]
dw(θ).

Let ξ̂m(θ) and η̃m(t) be given by

dξ̂m(θ) = −σmdw̃(θ), (28)

η̃m(t) = exp

{∫ t

0

C u
m(ψθ,t(x))dw(θ)

−1

2

∫ t

0

[C u
m]2(ψθ,t(x))dθ

}
(29)
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Theorem
Assume that there exists a solution
u = (u1, u2) ∈ W ×W of (20), (21),
ψm
0,θ(x) = ξ̂m0,x(θ), satisfy (28), and η̃m(t) have the

form (29) Then

vm(t) = E
[
η̃m(t)u0m ◦ ψm

0,t

]
, m = 1, 2, (30)

satisfy integral identities

∂

∂t

∫
R

um(t, x)h(x)dx =

∫
R

[Au
m + Bu

m]h(x)dx = 0.

(31)
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