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Extended M |G|oo queueing system
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Full system state

The full system state at the time ¢ includes the elapsed time x§0> from the last customer

input, and elapsed times xf’ of the service of all customers staying in the system; for
convenience, we also use n; — the number of the customers in the system at the time ¢.
So, the full system state is described by the vector X; = (nt,wgo); xEl),x?), . ,:UE"”)

— for simplicity, J;Ei) > azgiﬂ) fori=1,...,n.

It is easy, that xgo) < xﬁ’“), i.e. the customer numbered by n; appeared in the system
no later than at the time t — xgo).

So, we suppose that the intensity of input flow is A = A(X}), and intensity of service for

i-th customer is h; = h;(X}).

Xo = (0;0).
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@ For all possible X;, 0 < Ao < A(X;) < A < o0
)

@ For all possible X; = (nt,xﬁo);xﬁl),x? a--wv’”zgm))' hi(Xe) = L() o
1+
for some C' > 2.
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Conditions

@ For all possible X;, 0 < Ao < A(X3) <A<

e For all possible X; = (nt,xgo),xg ),x?), - ,mgnt)), hi(X:) > ¢

1+ x,gi)
for some C > 2.

About intensities

If some object lives a random time 7 with the distribution function G(s), and it is alive
at the time ¢, then the probability of its dead in the interval (¢,¢ + A) is equal

Git+A)-Gt)  G()
1 - G(t) 1-G(t)

¢
and G(t) =1 —exp (/h(s) ds).
0

A+o(A);  ht) ¥ T
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The process X; is Markov.

For small time A > 0 and given X,

(

_ 0) _ _(neya) .
pl "A o e + 1(;) Tira = TyA € 0:4), { _ AX)A + o(A);
and 2,/ =z, +Aforalli=1,... ,n
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The process X; is Markov.

For small time A > 0 and given X,

(

_ 0) _ _(neya) .
pl "A o e + 1(;) Tira = TyA € 0:4), { _ AX)A + o(A);
and 2,/ =z, +Aforalli=1,... ,n

P{ngan=n—1} = Zt hi(X¢)A +o(A); andforalli=1,2,...,n
i=1
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The process X; is Markov.

For small time A > 0 and given X,

_ 0) _ _(neya) .
pl "A o e + 1(;) Tira = TyA € 0:4), { _ AX)A + o(A);
and 2,/ =z, +Aforalli=1,... ,n

P{ngan=n—1} = Zt hi(X¢)A +o(A); andforalli=1,2,...,n
i=1

ngia =mng — 1, and :
P{ 1 forall j<i, o\ =2 + A, b =hi(X;)A+o0(A);

2. forall j>1 q;gr)A _ x§j+1) N
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The process X; is Markov.

For small time A > 0 and given X,

(

_ 0) _ _(neya) .
pl "A o e + 1(;) Tira = TyA € 0:4), { _ AX)A + o(A);
and 2,/ =z, +Aforalli=1,... ,n

P{ngan=n—1} = Zt hi(X¢)A +o(A); andforalli=1,2,...,n
i=1

ngia =mng — 1, and :
P{ 1 forall j<i af)y =af + A, 4 =hi(X)A+o(A);
n

P {nM —nal)l =2 4 Aforalli=0,... ,nt} =1- ()\(Xt) +3 hi(Xt)> A+ o(A).
=1

2. forall j > i x,
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The process X; is Markov.

For small time A > 0 and given X,

_ 0) _  (n4a) .
pl "A o e + 1(;) Tira = TyA € 0:4), { _ AX)A + o(A);
and 2,/ =z, +Aforalli=1,... ,n

P{ngan=n—1} = Zt hi(X¢)A +o(A); andforalli=1,2,...,n

=1
ngia =mng — 1, and :
P{ 1 forall j<i af)y =af + A, 4 =hi(X)A+o(A);
2. forall j >i $§2A = x,EJH) +A
P {nHA = nt;a:ng = :cgi) +Aforalli=0,... ,nt} =1- ()\(Xt) + Zt hi(Xt)> A+ o(A).
i=1

This conditions guarantee that X; is a Markov process on the state space

2 L\ S, where 7 E 7, x [[ Ry

n=1 J=1
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The process X; is regenerative

Moreover, X; is regenerative process: the regeneration points are the times where
X; = (1;0;0), i.e. before this time the system was free, and at this time the customer

comes into idle system.
Denote Ry, Ro, Rs, ...the length of sequential regeneration periods. These random
!

variables are i.i.d., they consist of the idle period o; and busy period (;; EUZI»C < E
0

It is well-known, that if E (0; + (;)* < oo for some k > 1, then the rate of convergence
of the distribution of the regenerative process — to the stationary distribution — is less

K
that —— o for some K.

If we don't know the constant K, we can not use this fact in the practice.

Our goal is the upper bounds for this constant K.
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Comparison of the process X; with the “standard” process for M|G|oo

Consider the “standard” queueing system M|G|oo where the input flow has the
constant intensity A, random service times have the same distribution function
1 c
Go(s) =1 — —————— —in this case hg(s) = )
o(s) (1+ )¢ o(s) 1+s
The times between the arrivals of customers and service times are mutually independent.

Like the previous, for this system we construct the Markov process

Y, = (mt;yio); yﬁl),yt@), . ,y,g"t)), where m; is the number of the customers in the
system at the time ¢, yt(o) is the elapsed time from the last customer input, and yt(i) is
an elapsed times of the service of i-th customer being in the system; Y, = (0;0).
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Lemma

It is possible to create the processes X; and Y; on the same probability space by such a
way that:

Q@ Xo =Yy =(0;0);
Q forallt >0, ng < my;

© for all t > 0 there are the numbers ki < ky < -+ < ky, < my such that
2 <.

Definition
We say that £ < n if P{{ < s} > P{n < s} for all s € R.

So, the busy period (X of X, is less then busy period ¢¥ of Y} in the sense of this
definition: (X < ¢¥'; moreover, P{n; =0} > P{m; =0}, and E [CX] <E [Cy]k for
all k£ > 0.
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What we know about “standard” system M |G|oo

In “standard” system M|G|oo, the intensity of input flow is constant A, the service
1

times &; are i.i.d.r.v. with distribution function P{¢; < s} = Gp(s) =1 — ars0

For this system (if Xo = (0;0)):
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What we know about “standard” system M |G|oo

In “standard” system M|G|oo, the intensity of input flow is constant A, the service

times &; are i.i.d.r.v. with distribution function P{¢; < s} = Go(s) =1 — (1—1—13)0
For this system (if Xo = (0;0)):
t
-&(1) (g5(4))*
oP{mt:k}zelgl()) where &(t d: /1—G0
' 0
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What we know about “standard” system M |G|oo

In “standard” system M|G|oo, the intensity of input flow is constant A, the service

times &; are i.i.d.r.v. with distribution function P{¢; < s} = Go(s) =1 — (1—1—13)0
For this system (if Xo = (0;0)):
t
-&(1) (g5(4))*
oP{mt:k}zelgl()) where &(t d: /1—G0
' 0
So, forall t > 0, P{m; =0} > tlim P{m; =0} = e ”, where
. —00
p % Ay = A/(l — Gols)) ds.
0
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What we know about “standard” system M |G|oo

@ For the busy period of the considering system M |G|oo (denote the busy periods by
i) we know the distribution function

o0

3
k=1

where ¢(x) def A(1 = Go(x))e™®®), and ¢"* is a n-th convolution of the function

c(z).

G.A.Zverkina MIIT, ICS RAS Snegiri, 07.12.2017



What we know about “standard” system M |G|oo

@ For the busy period of the considering system M |G|oo (denote the busy periods by
i) we know the distribution function

o0

3
k=1

where ¢(x) def A(1 = Go(x))e™®®), and ¢"* is a n-th convolution of the function
c(z).

@ Moreover, we know the Laplace transform of B(z):

1

o0 t
—st—A [[1—Go(v)] dv
A/e Of ’ dt
0
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What we know about “standard” system M |G|oo

o Also we have formulae:

p n—1
E¢H = (—1)”“{€Anc<n”—e”ZCSEC{l‘kC@)} n € N, where
k=1

7 —AOO —Go(v)]dv
o — /(_t)n (e of[1 Golld ) Al — Go(t)] dt.
0
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What we know about “standard” system M |G|oo

o Also we have formulae:

p n—1
E¢H = (—1)”*1{1710(”1)—€pZC'£EC?_kC(p)}7 n € N, where
k=1

® —AOO —Golv v
o — /(_t)n (e of[1 Golld ) Al — Go(t)] dt.
0

P_1 9620 T [ —AT1-Go(w)]dv
Thus, we have E¢; = © and E¢? = o (e a0 ) dt.
0

A A

But for the next moments of (; the calculations are very complicated, and we want to
estimate this moments.
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1 [e.e]
Return to the formula B(x) def P{(i<z}=1- n Zc"*(az), where
k=1

c(x) def A1 = Go(x))e™®®), and ¢"* is a n-th convolution of the function ¢(z).

oo
It is easy, /c(s) ds=1—etm=1_¢r% o€ (0;1).

0
So, 7(s) def cls) is a density of distribution of some r.v. ¢. And ¢"*(z) = o"rp(z)
%

n

where 7, (z) is a density of distribution of the sum Zgi where ¢; are i.i.d.r.v. with
i=1

distribution density r(s).

o o

Further, E¢* = /Skg_lA(l — Go(s))e ®®) ds < A/sk(l — Go(s))ds = AE#Z]CH
/ 0 (k+1e
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Now, using the Jensen's inequality in the form (ay + ...+ an)® < n*71(ak + ... 4 aF),

we have:
o0 1 ) o0
k __ k—1 _ k—1 _nx* _
E¢ —/km (1 B(x))da:—AZ/k:x " (x)dx =
0 n=17p
o k-1
1 . k—1 n_nx 1 - n =
:AZ/lm o"'r (x)dx:KZQ kE Zgj <
n=17 n=1 j=1
1 & _JAEEF EF _ 3
< = L k—1 i =5 k-1 n Loy Q,k— 1 ,
A2 o , nzl o )
a\* 1
h el (7 — _
where ¢(z, k) v—) 1=
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Coupling method

If two homogeneous Markov processes with the same transition function but with
different initial states coincide at the time T, then after the time 7 their distributions
are equal.
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If two homogeneous Markov processes with the same transition function but with
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Coupling method

If two homogeneous Markov processes with the same transition function but with
different initial states coincide at the time T, then after the time 7 their distributions

are equal.
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Coupling method

If two homogeneous Markov processes with the same transition function but with
different initial states coincide at the time T, then after the time 7 their distributions

are equal.
A
°
oXt o o® o.
o O O (o))
° OOo ° o] ° 0. ° @ °
o 2 e o,
e O (]
L]
/ o o oo o
Xto . °
o0
L L]
—

MIIT, ICS RAS Snegiri, 07.12.2017

G.A.Zverkina



Coupling method

If two homogeneous Markov processes with the same transition function but with
different initial states coincide at the time T, then after the time 7 their distributions

are equal.
IP{X; € S} —P{X/ € S} =
‘ . =|P{X; €S} -P{X]e S} x(A(r>t)+1(r <t) <
Xt o ° & i Erk
Yo %o o0 e ®e® ° SP{r>t} =P{r" > "} < —~
o _o o o t
0o o ® °
o ® e _o
LI o,
th.... .oo °
—
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Coupling method

If two homogeneous Markov processes with the same transition function but with
different initial states coincide at the time T, then after the time 7 their distributions

are equal.
IP{X; € S} -P{X] € S} =
‘ . =|P{X; €S} -P{X]e S} x(A(r>t)+1(r <t) <
Xt o ° k i Erk
fo %o oo e ®e° ° <P{r>t} =P{r >t}<t—k
(o]e] ° o ° @ @
o (] @ [ [
° Oo ° ..
th.... L] ... L]
=

For the processes in continuous time “direct” coupling method is impossible.
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Successful coupling

So, we will create on some probability space the paired process Z; = (Z, Z}) such that
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Successful coupling

So, we will create on some probability space the paired process Z; = (Z, Z}) such that
(i) Forall s >0and S € B(X), P{Z, € S} = P{X; € S},
P{Z, € S} = P{X] € S}. (Therefore, Zy = X, and Z) = X|,.)

G.A.Zverkina MIIT, ICS RAS Snegiri, 07.12.2017



Successful coupling

So, we will create on some probability space the paired process Z; = (Z, Z}) such that
(i) Forall s >0and S € B(X), P{Z, € S} = P{X; € S},
P{Z, € S} = P{X] € S}. (Therefore, Zy = X, and Z) = X|,.)
(it) For all t > 7(Xo, X{) = 7(Z0, Z}) def inf{t > 0: Z, = Z}} the equality Z, = Z;

is true.
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Successful coupling

So, we will create on some probability space the paired process Z; = (Z, Z}) such that
(i) Forall s >0and S € B(X), P{Z, € S} = P{X; € S},
P{Z, € S} = P{X] € S}. (Therefore, Zy = X, and Z) = X|,.)

(it) For all t > 7(Xo, X{) = 7(Z0, Z}) def inf{t > 0: Z, = Z}} the equality Z, = Z;

is true.
(iii) For all Xo, X, € 2", P{7(Xo, X)) < o0} = 1.
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Successful coupling

So, we will create on some probability space the paired process Z; = (Z, Z}) such that
(i) Forall s >0and S € B(X), P{Z, € S} = P{X; € S},
P{Z, € S} = P{X] € S}. (Therefore, Zy = X, and Z) = X|,.)
(it) For all t > 7(Xo, X{) = 7(Z0, Z}) def inf{t > 0: Z, = Z}} the equality Z, = Z;
Is true.
(iii) For all Xo, X, € 2", P{7(Xo, X)) < o0} = 1.
If the conditions (i)—(iii) are satisfied, then the paired process Z; is called successful

coupling.
Hence, |P{X; € S} —P{X; € S} =|P{Z; €S} -P{Z; € S} <
<Plr> <20 g x0xp), 6t 60
¢(7)
And |2, — Zllrv 2 sup [P{X; € S} — P{X] € S} < 22(t, Xo, X)),

SeB(X)
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Return to our process X; and its variant X

Let Xy = (0;0), and X is arbitrary from 2";
Xt = (nt7 .’L'go);wgl), x7§2)7 e 7x§’ﬂt)>,

0 ! 1 ! 2 ! (n/)/
X/ = (né,xi ) ;x,g ) ,x,g ) ey ).
Consider the times 61, 62, 03,...when X| comes to the set .7, or nj changes the value
from 1 to 0.

P{Xy, € A} = Png, = 0} > P{mg, =0} > e S .

If ng,+ = ngi+ then both systems are idle, and incoming flow has the common part with
constant intensity A\g > 0. The not-common parts of these flows are in (0; A — Ao).
Therefore one can use the Coupling Lemma for construct the prolongation of X; and

X/ by such a way that the following comings of the customers to the both system are

: : .. def A
simultaneous — with probability greater than m; = 20

If this event happens, the processes will stick together.
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Coupling Lemma

Lemma (Coupling Lemma)
Let fi(s) be the distribution density of r.v. 6; (i =1,2). And let

/ min(fi(s), f2(s)) ds = 3 > 0. Then on some probability space there exists two
—00

random variables 9; such that ¥; Zz 0;, and P{1 = U2} > s

Constructive proof

I8
|
@
o,
»

Let % be independent uniform r.v. on (0;1); ¢(s) = 3! [ min(fi(s), f2(s))

i = o (1—3) ( | fi(s min(f1(8),f2(s))ds>, then

9 LU U < )¢~ (W) + LW > )07 (). O
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Coupling epoch

So, at the end of any regeneration period, the processes X; and X/ can coincides with

probability 7 def mom (this probability can be improved). Therefore the coupling epoch
7(X{) is a geometrical sum of the regeneration periods of X/ including the first
incomplete one.

Thus, we can find the upper bounds for E [7(X{)]* in the case when E¢F < oo
(C>k—-1)

. k
TI'Z]_ ) E Ro-l-Zb Zl ) H—lk IE RO—I—ZRk =
=0 J=1 =0 J=1

= ER’ng(1—w)i(z‘+1)’“*1+E RExY “(1-m)'(i+1)* = Ko(k, m)E Rj+K (k, m)E RY,
=0 =0

where Ry is the first regeneration point of X/, and R;, i € N are the length of
subsequent regeneration periods.
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So, if & is distribution of X, and &/ is distribution of X] then

Ko(k,7)E R + K (k, m)E R}

|2 — Zillrv <2 o

If #, — 2 for all X{, then

/(Ko(/-c, T)ERE + K(k,n)E RV 2(dX))

|2 — 2||rv <2z 7 —

Ko(k,ﬂ)/ ER2(dX}) + K(k,7)ERY

=2

tk

But we don’t know neither the stationary distribution of X; nor the stationary
distribution for the “standard” model!!!
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Embedded renewal process

Ry Ry Z R, Ry Z Ry

-
e
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Embedded renewal process

Ry Ry Z R, Ry Z Ry

-
e
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Embedded renewal process

Ry Ry Z R, Ry Z Ry

-
e

0 Ry =6y 01\_/“\ 02 03 B

t

G.A.Zverkina MIIT, ICS RAS Snegiri, 07.12.2017



Embedded renewal process

R Ry Z Ry Ry Z R,
—})6 0 Ry =6y WQ 03 ]
by Wy

There exists some map 2 : B(Ry) — B(Z) such that

by e AC B(Ry) = X[ € 2(A) C A(Z),and vice versa.
So, it is enough estimate the T'V-distance between b, (delay backward renewal time)
and b; (non-delay backward renewal time).
If the regeneration period has the distribution function ®(s) = P{R; < s}, then the
stationary backward renewal time b; and forward renewal time w; have a same

distribution function .

/u—@m»mt

ER;
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Thus, returning to /ERS’!&”(dXé), we replace it by

o
E k+1
/ b P (dX)) /Rk do(R / ))dR = W}%ER.
2 0 !
Finally, we can calculate the constant K(k) such that
K(k
120~ Py < 50
for k < C — 2 in conditions
@ For all possible X;, 0 < Ao < A(X}) <A<
n C
@ For all possible X; = (nt,xgo),arg ),m?),..., ( ’)>, hi(Xy) > —m
1+

for some C > 2.
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OBPALLIEEHNE K PYCCKOA3bIYHBIM POCCUAHAM

Ecnu B cTpaHe HeT WIMPOKOAOCTYMHOI Hay4YHOU nTepaTypbl, TO Hayka B 3TONR CTpaHe
YaxHerT.

Bes HauMOHaNLHON TEPMUHOMOIUM HALWNOHABHAS HAyKa YMUPAET.

MNMoka B Poccun He Bb110 pycCKoii MaTeMaTUYECKON TEPMUHONOMN 1 PYCCKUX KHWT NO
MaTeMaTuKe, MaTeMaTUKON 34eCb 3aHUMaNNCh NPUrNALLEHHBIE WHOCTPaHLbI 1
(HemHOro) ux yyennku. bes Bosnukwero B Havane XIX-ro Beka ABMXEHUS POCCMIACKIMX
WHTEIEKTYAsI0B, CHaYana NePEBOAUBLUNX WHOCTPAHHLIE MAaTEMATUYECKNE KHUMU Ha
PYCCKWIi SA3bIK, @ NOTOM 1 CO343aBaBLUMX OPUTMHAJbHLIE PYCCKNE YYEDHNKN U pyCcCKne
MaTeMaTWYeCKNE N3JaHuUs, — Tak BOT, D€3 3TOro He HbINO Bbl y HAC MHOXeCTBA NtOLEN,
N3yYaoLWMX MaTeMaTuKy, — u He bbino bul Hu OcTporpaackoro, Hu Yebbiwéra, Hu
KoBaneBckoii.

Celivac xU3Hb 3aCTaBASIET poccusiH NybANKOBaTLCA B 3anagHbix xypHanax. Ho,
MTOXKAJIVUICTA, pybnvpyiite 5T nybankaumm Ha pycckom sisbike. Begb 4acto mbl
yXKe HE MOXEM NogobpaTh PycCKuMii TEPMUH ANS 3HAKOMOTO Mo 3apybexkHbIM
nybankaumsim noHSATHSA.

Eweé HeMHOro — n MaTemMaTuKa OCTaHETCA TONbKO “Tam’ ...
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Thanks for your attention!
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