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Extended M |G|∞ queueing system
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Full system state

The full system state at the time t includes the elapsed time x
(0)
t from the last customer

input, and elapsed times x
(i)
t of the service of all customers staying in the system; for

convenience, we also use nt � the number of the customers in the system at the time t.

So, the full system state is described by the vector Xt =
(
nt, x

(0)
t ;x

(1)
t , x

(2)
t , . . . , x

(nt)
t

)
� for simplicity, x

(i)
t ≥ x

(i+1)
t for i = 1, . . . , nt.

It is easy, that x
(0)
t 6 x

(nt)
t , i.e. the customer numbered by nt appeared in the system

no later than at the time t− x(0)
t .

So, we suppose that the intensity of input �ow is λ = λ(Xt), and intensity of service for

i-th customer is hi = hi(Xt).

X0 = (0; 0).
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Conditions

For all possible Xt, 0 < λ0 6 λ(Xt) 6 Λ <∞;

For all possible Xt =
(
nt, x

(0)
t ;x

(1)
t , x

(2)
t , . . . , x

(nt)
t

)
, hi(Xt) >

C

1 + x
(i)
t

�

for some C > 2.

About intensities

If some object lives a random time τ with the distribution function G(s), and it is alive

at the time t, then the probability of its dead in the interval (t, t+ ∆) is equal

G(t+ ∆)−G(t)

1−G(t)
=

G′(t)

1−G(t)
∆ + o(∆); h(t)

def
==

G′(t)

1−G(t)
;

and G(t) = 1− exp

− t∫
0

h(s) ds

.
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The process Xt is Markov.

For small time ∆ > 0 and given Xt,

P

{
nt+∆ = nt + 1, x

(0)
t+∆ = x

(nt+∆)
t+∆ ∈ (0; ∆),

and x
(i)
t+∆ = x

(i)
t + ∆ for all i = 1, . . . , nt

}
= λ(Xt)∆ + o(∆);

P{nt+∆ = nt − 1} =
nt∑
i=1

hi(Xt)∆ + o(∆); and for all i = 1, 2, . . . , nt

P


nt+∆ = nt − 1, and :

1. for all j < i, x
(j)
t+∆ = x

(j)
t + ∆,

2. for all j > i x
(j)
t+∆ = x

(j+1)
t + ∆

 = hi(Xt)∆ + o(∆);

P
{
nt+∆ = nt;x

(i)
t+∆ = x

(i)
t + ∆ for all i = 0, . . . , nt

}
= 1−

(
λ(Xt) +

nt∑
i=1

hi(Xt)

)
∆ + o(∆).

This conditions guarantee that Xt is a Markov process on the state space

X
def
==

∞⋃
n=1

Si, where Si
def
== Z+ ×

i∏
j=1

R+.
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The process Xt is regenerative

Moreover, Xt is regenerative process: the regeneration points are the times where

Xt = (1; 0; 0), i.e. before this time the system was free, and at this time the customer

comes into idle system.

Denote R1, R2, R3, . . . the length of sequential regeneration periods. These random

variables are i.i.d., they consist of the idle period σi and busy period ζi; Eσ
k
i 6

k!

λk0
.

Fact

It is well-known, that if E (σi + ζi)
k <∞ for some k > 1, then the rate of convergence

of the distribution of the regenerative process � to the stationary distribution � is less

that
K
tk−1

for some K.

If we don't know the constant K, we can not use this fact in the practice.

Our goal is the upper bounds for this constant K.
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Comparison of the process Xt with the �standard� process for M |G|∞

Consider the �standard� queueing system M |G|∞ where the input �ow has the

constant intensity Λ, random service times have the same distribution function

G0(s) = 1− 1

(1 + s)C
� in this case h0(s) =

C

1 + s
.

The times between the arrivals of customers and service times are mutually independent.

Like the previous, for this system we construct the Markov process

Yt =
(
mt; y

(0)
t ; y

(1)
t , y

(2)
t , . . . , y

(nt)
t

)
, where mt is the number of the customers in the

system at the time t, y
(0)
t is the elapsed time from the last customer input, and y

(i)
t is

an elapsed times of the service of i-th customer being in the system; Y0 = (0; 0).
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Lemma

Lemma

It is possible to create the processes Xt and Yt on the same probability space by such a
way that:

1 X0 = Y0 = (0; 0);
2 for all t ≥ 0, nt 6 mt;
3 for all t ≥ 0 there are the numbers k1 < k2 < · · · < knt 6 mt such that
x

(i)
t 6 y

(ki)
t .

De�nition

We say that ξ ≺ η if P{ξ < s} > P{η < s} for all s ∈ R.

So, the busy period ζX of Xt is less then busy period ζY of Yt in the sense of this

de�nition: ζX ≺ ζY ; moreover, P{nt = 0} > P{mt = 0}, and E
[
ζX
]k

6 E
[
ζY
]k

for

all k > 0.
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What we know about �standard� system M |G|∞

In �standard� system M |G|∞, the intensity of input �ow is constant Λ, the service

times ξi are i.i.d.r.v. with distribution function P{ξi < s} = G0(s) = 1− 1

(1 + s)C
.

For this system (if X0 = (0; 0)):

P{mt = k} =
e−G(t)

(
G(t)

)k
k!

, where G(t)
def
== Λ

t∫
0

(1−G0(s)) ds.

So, for all t > 0, P{mt = 0} > lim
t→∞

P{mt = 0} = e−ρ, where

ρ
def
== Λm1 = Λ

∞∫
0

(1−G0(s)) ds.
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What we know about �standard� system M |G|∞

For the busy period of the considering system M |G|∞ (denote the busy periods by

ζi) we know the distribution function

B(x)
def
== P{ζi 6 x} = 1− 1

Λ

∞∑
k=1

cn∗(x),

where c(x)
def
== Λ(1−G0(x))e−G(x), and cn∗ is a n-th convolution of the function

c(x).

Moreover, we know the Laplace transform of B(x):

L[B](s) = 1 +
s

Λ
− 1

Λ

∞∫
0

e
−st−Λ

t∫
0

[1−G0(v)] dv
dt

.
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What we know about �standard� system M |G|∞

Also we have formulae:

E ζni = (−1)n+1

{
eρ

Λ
nC(n−1) − eρ

n−1∑
k=1

CknE ζ
n−k
i C(p)

}
, n ∈ N, where

C(n) =

∞∫
0

(−t)n
e−Λ

∞∫
0

[1−G0(v)] dv

Λ[1−G0(t)] dt.

Thus, we have E ζi =
eρ − 1

Λ
and E ζ2

i =
2e2ρ

Λ

∞∫
0

e−Λ
∞∫
0

[1−G0(v)] dv

 dt.

But for the next moments of ζi the calculations are very complicated, and we want to

estimate this moments.
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Estimation

Return to the formula B(x)
def
== P{ζi 6 x} = 1− 1

Λ

∞∑
k=1

cn∗(x), where

c(x)
def
== Λ(1−G0(x))e−G(x), and cn∗ is a n-th convolution of the function c(x).

It is easy,

∞∫
0

c(s) ds = 1− e−Λm1 = 1− e−ρ def
== % ∈ (0; 1).

So, r(s)
def
==

c(s)

%
is a density of distribution of some r.v. ς. And cn∗(x) = %nrn(x)

where rn(x) is a density of distribution of the sum

n∑
i=1

ςi where ςi are i.i.d.r.v. with

distribution density r(s).

Further, E ςk =

∞∫
0

sk%−1Λ(1−G0(s))e−G(s) ds 6
Λ

%

∞∫
0

sk(1−G0(s)) ds =
ΛE ξk+1

i

(k + 1)%
.
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Estimation

Now, using the Jensen's inequality in the form (a1 + . . .+ an)k 6 nk−1(ak1 + . . .+ akn),
we have:

E ζki =

∞∫
0

kxk−1(1−B(x)) dx =
1

Λ

∞∑
n=1

∞∫
0

kxk−1cn∗(x) dx =

=
1

Λ

∞∑
n=1

∞∫
0

kxk−1%nrn∗(x) dx =
1

Λ

∞∑
n=1

%nk E

 n∑
j=1

ςj

k−1

6

6
1

Λ

∞∑
n=1

%nknk−1 ΛE ξki
%k

=
E ξki
%

∞∑
n=1

nk−1%n =
E ξki
%
× ϕ(%, k − 1),

where ϕ(x, k)
def
==

(
x

d

dx

)k 1

1− x
.
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Coupling method

If two homogeneous Markov processes with the same transition function but with
di�erent initial states coincide at the time τ , then after the time τ their distributions
are equal.

6

-

Xt

X ′t

τ

ccccccccccccccc
cccc

r r r r r r r r
r r r r r r

r r r r r r
r r
r r r r r r r r r r r

rr r r r r r r r r r r r
rr r r r r r r r r r r r
rccc

c cccccccccc
ccc cccccccccc
ccc cccccccccc
c
|P{Xt ∈ S} −P{X ′t ∈ S}| =

= |P{Xt ∈ S} −P{X ′t ∈ S}| × (1(τ > t) + 1(τ 6 t)) 6

6 P{τ > t} = P{τk > tk} 6 E τk

tk

For the processes in continuous time �direct� coupling method is impossible.
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Successful coupling

So, we will create on some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(X ), P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t

is true.

(iii) For all X0, X
′
0 ∈X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)�(iii) are satis�ed, then the paired process Zt is called successful
coupling.

Hence, |P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt −P ′
t‖TV

def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Successful coupling

So, we will create on some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(X ), P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t

is true.

(iii) For all X0, X
′
0 ∈X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)�(iii) are satis�ed, then the paired process Zt is called successful
coupling.

Hence, |P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt −P ′
t‖TV

def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Successful coupling

So, we will create on some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(X ), P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t

is true.

(iii) For all X0, X
′
0 ∈X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)�(iii) are satis�ed, then the paired process Zt is called successful
coupling.

Hence, |P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt −P ′
t‖TV

def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Successful coupling

So, we will create on some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(X ), P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t

is true.

(iii) For all X0, X
′
0 ∈X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)�(iii) are satis�ed, then the paired process Zt is called successful
coupling.

Hence, |P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt −P ′
t‖TV

def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Successful coupling

So, we will create on some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(X ), P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t

is true.

(iii) For all X0, X
′
0 ∈X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)�(iii) are satis�ed, then the paired process Zt is called successful
coupling.

Hence, |P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt −P ′
t‖TV

def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Return to our process Xt and its variant X ′t

Let X0 = (0; 0), and X ′0 is arbitrary from X ;

Xt =
(
nt, x

(0)
t ;x

(1)
t , x

(2)
t , . . . , x

(nt)
t

)
;

X ′t =
(
n′t, x

(0)
t

′
;x

(1)
t

′
, x

(2)
t

′
, . . . , x

(n′
t)

t

′)
.

Consider the times θ1, θ2, θ3,. . . when X
′
t comes to the set S1, or n

′
t changes the value

from 1 to 0.

P{Xθi ∈ S1} = P{nθi = 0} > P{mθi = 0} > e−ρ
def
== π0.

If nθi+ = n′θi+ then both systems are idle, and incoming �ow has the common part with

constant intensity λ0 > 0. The not-common parts of these �ows are in (0; Λ− λ0).
Therefore one can use the Coupling Lemma for construct the prolongation of Xt and

X ′t by such a way that the following comings of the customers to the both system are

simultaneous � with probability greater than π1
def
==

λ0

Λ
.

If this event happens, the processes will stick together.

G.A.Zverkina MIIT, ICS RAS The work is supported by RFBR grant No 17-01-00633ASnegiri, 07.12.2017



Coupling Lemma

Lemma (Coupling Lemma)

Let fi(s) be the distribution density of r.v. θi (i = 1, 2). And let
∞∫
−∞

min(f1(s), f2(s)) ds = κ > 0. Then on some probability space there exists two

random variables ϑi such that ϑi
D
= θi, and P{ϑ1 = ϑ2} > κ.

Constructive proof.

Let Ui be independent uniform r.v. on (0; 1); φ(s)
def
== κ−1

s∫
−∞

min(f1(s), f2(s)) ds,

ψi
def
== (1− κ)−1

(
s∫
−∞

fi(s)−min(f1(s), f2(s)) ds

)
, then

ϑi
def
== 1(U0 < κ)φ−1(U4) + 1(U0 > κ)ψ−1

i (Ui).
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Coupling epoch

So, at the end of any regeneration period, the processes Xt and X
′
t can coincides with

probability π
def
== π0π1 (this probability can be improved). Therefore the coupling epoch

τ(X ′0) is a geometrical sum of the regeneration periods of X ′t including the �rst

incomplete one.

Thus, we can �nd the upper bounds for E [τ(X ′0)]k in the case when E ξki <∞
(C > k − 1):

E [τ(X ′0)]k 6 π
∞∑
i=0

(1−π)iE

R0 +
i∑

j=1

bj

k

6
∞∑
i=0

(1−π)i(i+1)k−1E

Rk0 +

i∑
j=1

Rkj

 =

= ERk0×
∞∑
i=0

(1−π)i(i+1)k−1+ERk1×
∞∑
i=0

(1−π)i(i+1)k = K0(k, π)ERk0+K(k, π)ERk1 ,

where R0 is the �rst regeneration point of X ′t, and Ri, i ∈ N are the length of

subsequent regeneration periods.
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TV -distance

So, if Pt is distribution of Xt, and P ′
t is distribution of X ′t then

‖Pt −P ′
t‖TV 6 2

K0(k, π)ERk0 +K(k, π)ERk1
tk

.

If P ′
t =⇒P for all X ′0, then

‖Pt −P‖TV 6 2

∫
X

(K0(k, π)ERk0 +K(k, π)ERk1)P( dX ′0)

tk
=

= 2

K0(k, π)

∫
X

ERk0P( dX ′0) +K(k, π)ERk1

tk
.

But we don't know neither the stationary distribution of Xt nor the stationary

distribution for the �standard� model!!!
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Embedded renewal process

-
. . . . . . . . .

R0 = θ0 θ1 θ2 θ3

R1 R2
D
= R1 R3

D
= R1

0

t�@

b′t w′t
−b′0

There exists some map Q : B(R+)→ B(X ) such that

b′t ∈ A ⊆ B(R+)⇒ X ′t ∈ Q(A) ⊆ B(X ), and vice versa.
So, it is enough estimate the TV -distance between b′t (delay backward renewal time)

and bt (non-delay backward renewal time).

If the regeneration period has the distribution function Φ(s) = P{R1 < s}, then the

stationary backward renewal time b̃t and forward renewal time w̃t have a same

distribution function

Φ̃(s)
def
==

s∫
0

(1− Φ(u)) du

ER1
.
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TV -distance

Thus, returning to

∫
X

ERk0P( dX ′0), we replace it by

∫
X

ERk0P( dX ′0) =

∞∫
0

Rk dΦ̃(R) =
1

ER1

∞∫
0

Rk(1− Φ(R)) dR =
ERk+1

1

(k + 1)ER1
.

Finally, we can calculate the constant K(k) such that

‖Pt −P‖TV 6
K(k)

tk

for k < C − 2 in conditions

For all possible Xt, 0 < λ0 6 λ(Xt) 6 Λ <∞;

For all possible Xt =
(
nt, x

(0)
t ;x

(1)
t , x

(2)
t , . . . , x

(nt)
t

)
, hi(Xt) >

C

1 + x
(i)
t

�

for some C > 2.
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ÎÁÐÀÙÅÍÈÅ Ê ÐÓÑÑÊÎßÇÛ×ÍÛÌ ÐÎÑÑÈßÍÀÌ

Åñëè â ñòðàíå íåò øèðîêîäîñòóïíîé íàó÷íîé ëèòåðàòóðû, òî íàóêà â ýòîé ñòðàíå

÷àõíåò.

Áåç íàöèîíàëüíîé òåðìèíîëîãèè íàöèîíàëüíàÿ íàóêà óìèðàåò.

Ïîêà â Ðîññèè íå áûëî ðóññêîé ìàòåìàòè÷åñêîé òåðìèíîëîãèè è ðóññêèõ êíèã ïî

ìàòåìàòèêå, ìàòåìàòèêîé çäåñü çàíèìàëèñü ïðèãëàø¼ííûå èíîñòðàíöû è

(íåìíîãî) èõ ó÷åíèêè. Áåç âîçíèêøåãî â íà÷àëå XIX-ãî âåêà äâèæåíèÿ ðîññèéñêèõ

èíòåëëåêòóàëîâ, ñíà÷àëà ïåðåâîäèâøèõ èíîñòðàííûå ìàòåìàòè÷åñêèå êíèãè íà

ðóññêèé ÿçûê, à ïîòîì è ñîçäàâàâøèõ îðèãèíàëüíûå ðóññêèå ó÷åáíèêè è ðóññêèå

ìàòåìàòè÷åñêèå èçäàíèÿ, � òàê âîò, áåç ýòîãî íå áûëî áû ó íàñ ìíîæåñòâà ëþäåé,

èçó÷àþùèõ ìàòåìàòèêó, � è íå áûëî áû íè Îñòðîãðàäñêîãî, íè ×åáûø¼âà, íè

Êîâàëåâñêîé.

Ñåé÷àñ æèçíü çàñòàâëÿåò ðîññèÿí ïóáëèêîâàòüñÿ â çàïàäíûõ æóðíàëàõ. Íî,

ÏÎÆÀËÓÉÑÒÀ, äóáëèðóéòå ýòè ïóáëèêàöèè íà ðóññêîì ÿçûêå. Âåäü ÷àñòî ìû

óæå íå ìîæåì ïîäîáðàòü ðóññêèé òåðìèí äëÿ çíàêîìîãî ïî çàðóáåæíûì

ïóáëèêàöèÿì ïîíÿòèÿ.

Åù¼ íåìíîãî � è ìàòåìàòèêà îñòàíåòñÿ òîëüêî �òàì�...
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Thanks for your attention!
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