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Plan of the talk

Short-time heat trace asymptotics
M. Kac (1966): "Can one hear the shape of a drum?"
Spectrum {\,} of Dirichlet Laplacian A in D C R?
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Plan of the talk

Short-time heat trace asymptotics
M. Kac (1966): "Can one hear the shape of a drum?"
Spectrum {\,} of Dirichlet Laplacian A in D C R?

et)‘":TretA—— —+-E+...,t]0
> Dl-—="71*5 !

Y. Colin de Verdier (1981): Schroedinger semigroup e~

H=Hy+V, Hy=-A, V(x)ec C(RY)

Tr(e ™ — e7™0) ~ (4xt)™23 "a(V)¥, £ 10

heat invariants a;j(V) — KdV first integrals (d = 1)



Wiener path integral representation for heat kernel

Diffusion semigroup U(t) = exp(tH) generated by

1
H=H+V=3A+V(x), x € R?
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Wiener path integral representation for heat kernel

Diffusion semigroup U(t) = exp(tH) generated by
1
H=H+V=3A+V(x), x € R?

Feynman-Kac formula

) = [ e (f V(w(s)) o) die)
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Wiener path integral representation for heat kernel

Diffusion semigroup U(t) = exp(tH) generated by
H=Hy+V = %A+ V(x), x €R?
Feynman-Kac formula
U()F(x) = /Q F(w(t)) exp ( /0 t V(w(s))ds) e

Q, = {paths w(s) starting from x = w(0)}
Wiener measure jiy : Qx S w— p(w) = F(w(t1),...,w(tm))
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Wiener path integral representation for heat kernel

Diffusion semigroup U(t) = exp(tH) generated by
H=Hy+V = %A—I-V(X), x € R?
Feynman-Kac formula
U()F(x) = /Q F(w(t)) exp ( /0 t V(w(s))ds) e

Q, = {paths w(s) starting from x = w(0)}
Wiener measure jiy : Qx S w— p(w) = F(w(t1),...,w(tm))

/ / (X1, Xm) Po(x, x1, t1) X

X po(x1,x2,t2 — t1) ... Po(Xm—1;Xm, tm — tm—1) dxi ... dXm
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Wiener path integral representation for heat kernel

Diffusion semigroup U(t) = exp(tH) generated by
1
H=H+V=3A+V(x), x € R?

Feynman-Kac formula

) = [ e (f V(w(s)) o) die)

Q, = {paths w(s) starting from x = w(0)}
Wiener measure jiy : Qx S w— p(w) = F(w(t1),...,w(tm))

/ / (X1, -+, Xm) po(X, x1, t1) X
X po(x1,x2,t2 — t1) ... Po(Xm—1;Xm, tm — tm—1) dxi ... dXm

Extension Ly () :/ o(w) dux(w), () =1
Q).



Wiener path integral representation for heat kernel

/f( (£)) dx(w /f Jpo(x.y. 1) dy = Up(t)F(x)
(o
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Wiener path integral representation for heat kernel

/f )) (o /f JPo(x,y, £) dy = Us(t)F(x)

U(t) = Us(t) +/0 Uo(s) V U(t — s)ds, Up(t) = exp(tHy)
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Wiener path integral representation for heat kernel

/f )) (o /f JPo(x,y, £) dy = Us(t)F(x)

wﬂ—-%&%+ALM@VU&—Qﬁ,%Uy—wM#M

Duhamel equation — Perturbation theory expansion

:iwm,wo:/%@vwﬂpgﬁ
n=0 0
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Wiener path integral representation for heat kernel

/f )) (o /f JPo(x,y, £) dy = Us(t)F(x)

U(t) = Us(t) +/0 Uo(s) V U(t — s)ds, Up(t) = exp(tHy)

Duhamel equation — Perturbation theory expansion
t
U(t) = 3 Un(t), Un(t) = / Uo(s) V Up_1(t — 5) ds
0

Ur (£)F(x) _/Ot Uo(s)VUs(t — 5) F(x)ds =

po(x,x1,5)V(x1)po(x1,x2,t—s)
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Wiener path integral representation for heat kernel

/f )) (o /f JPo(x,y, £) dy = Us(t)F(x)

U(t) = Us(t) +/0 Uo(s) V U(t — s)ds, Up(t) = exp(tHy)

Duhamel equation — Perturbation theory expansion

U(t) = iU,,(t), Un(t) = /tuo(s) V Uy 1(t — ) ds
n=0 0
Ur (£)F(x) _/0 Uo(s)VUs(t — 5) F(x)ds =

po(x,x1,5)V(x1)po(x1,x2,t—s)

[ o [ Fatenvie) i) -

X :/Q fw (t))(/t V(w (5))d5> dpix(w)
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Wiener path integral representation for heat kernel

Heat kernel py(x,y,t) :/
Q

o ([ Viwtsas) dut ()

X,y
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Wiener path integral representation for heat kernel

t
Heat kernel py(x,y,t) :/ exp </ V(w(s))ds> d“;y("")
oy 0

Q , = {paths w(s) : w(0) = x, w(t) =y}

/dui,y(W) = po(x,y, t) = (21t) 3 exp (—|x—y[?/2t), d = 3
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Wiener path integral representation for heat kernel

Heat kernel py(x,y,t) :/texp (/OtV(w(s))ds> dps. ,(w)
Q , = {paths w(s) : w(0) = x, w(t) =y}
/dui,y(W) = po(x,y,t) = (27t) > exp (—|x—y[*/2t), d =3

Short-time asymptotics

pv(x,y,t) ~ po(x,y,t) {1+chxy } t]0
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Wiener path integral representation for heat kernel

Heat kernel py(x,y,t) :/texp (/OtV(w(s))ds> dps. ,(w)

Q , = {paths w(s) : w(0) = x, w(t) =y}
/dui,y(W) = po(x,y,t) = (2mt) "> exp (—|x—y|?/2t), d = 3

Short-time asymptotics

pv(x,y,t) ~ po(x,y,t) {1+chxy } t]0

Gaussian measure momenta

i
(277)_’"/2(det a,-j)_l/Q/ ... /xlk1 .. k”’ exp ( 32 X,'Xj) dxy...dxm
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Wiener path integral representation for heat kernel

Heat kernel py(x,y,t) :/texp (/OtV(w(s))ds> dps. ,(w)

X,y

Q , = {paths w(s) : w(0) = x, w(t) =y}
/dui,y(W) = po(x,y,t) = (2mt) "> exp (—|x—y|?/2t), d = 3

Short-time asymptotics

pv(x,y,t) ~ po(x,y,t) {1+chxy } t]0

Gaussian measure momenta

i
(277)_’"/2(det a,-j)_l/Q/ .. /xlk1 .. k”’ exp ( 32 X,'Xj) dxy...dxm
= Ek(Sl, ey Sm), k = (kl, c. km), ajj = min{s,-,sj} — S5i§j
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Wiener path integral representation for heat kernel

Theorem 1 Given complex-valued bounded V(x) € C*(R3)

(xy) = Z 3 / 021 001 OV (E(s1)) doy

= a+B+y=k
|k| 2(n—m)

Sm—1
/ 0220202V (&(s2)) dsz ... / O%m 92m OYm V (&(5m)) %
0 0

X ®agy(S15---Sm) dsm, £(s) =x+ (y — x)s
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Wiener path integral representation for heat kernel

Theorem 1 Given complex-valued bounded V(x) € C*(R3)

(xy) = Z 3 / 021 001 OV (E(s1)) doy

= a+B+y=k
|k| 2(n—m)

Sm—1
/0 0220202V (&(s2)) dsz ... /0 O%m 92m OYm V (&(5m)) %
X ®agy(S15---Sm) dsm, £(s) =x+ (y — x)s

(Dagq/(sl, PN Sm) =
(HJm:1 W) Eo(sts--.,sm)Ep(sty.. . Sm)Ey(s1,. -\ Sm)
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Wiener path integral representation for heat kernel

Theorem 1 Given complex-valued bounded V(x) € C*(R3)

(xy) = Z 3 / 021 001 OV (E(s1)) doy

= a+B+y=k
|k| 2(n—m)

Sm—1
/0 0220202V (&(s2)) dsz ... /0 O%m 92m OYm V (&(5m)) %
X ®agy(S15---Sm) dsm, £(s) =x+ (y — x)s

(Dagq/(sl, PN Sm) =
(HJm:1 W) Eo(si,...,sm)Eg(st,. .., sm)Ey(s1,. .-, Sm)

Corollary c,(x, y) is homogeneous in V of degree = n if
each Oy Is counted with wieght 1/2
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Wiener path integral representation for heat kernel

Heat invariants

1
a(xy) = /0 V(E(S))ds, £(s) = x+ (y — x)s

Stanislav Stepin DIFFUSION TYPE SEMIGROUPS



Wiener path integral representation for heat kernel

Heat invariants

1
axy) = / VIE(s)ds. €(s) = x+ (v —x)s

(%, y) / AV(E(s))s(1 - s)ds + ; </01 V(§(s))ds>

2
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Wiener path integral representation for heat kernel

Heat invariants

1
axy) = [ ViseNds. €)= x+ (= )s

(%, y) / AV(E(s))s(1 - s)ds + ; </01 V(§(s))ds>

(x,y) = / A?V (s(1 —5))2ds +

2
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Wiener path integral representation for heat kernel

Heat invariants

1
axy) = [ ViseNds. €)= x+ (= )s

a(x,y) / AV(&(s))s(1—s)ds + ; </01 V(§(s))ds>

alx,y) = /A2 (s(1 —s))%ds +

é(/ol V(§(s))ds> 4 ;/0 V(E(s) ds/ AV(E(s))s(1—s)ds

2
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Heat invariants

1
axy) = [ ViseNds. €)= x+ (= )s

a(x,y) / AV(&(s))s(1—s)ds + ; </01 V(§(s))ds>

alx,y) = /A2 (s(1 —s))%ds +

é(/ol V(e(s ))ds) ;/0 V(E(s) ds/ AV(E(s))s(1—s)ds

v [ {wvien [ vicenss) - e

2
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Wiener path integral representation for heat kernel

i) = 5 | AIV(E()(s(1-5)) s + (] V(e(s) ds)4+
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Wiener path integral representation for heat kernel

a(x,y) = 418/1A3V s))(S(l—s))3dS+214</01V(§(s)) ds>4—i—
{/A2 ds/oi/(g(s))dst( 03V(§(s))s(1—s)d:~‘)2}
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alxy) = = / AV 1-5) ds+214< [ vicenas)
{/A2 / (&) ds*( AV(S )s(l—s)ds)z}
+ 2{/0< (AV)(E(2) /vv £(s)) sds>( £)2dt




)= / AV(E)(s(1-9) ds+214< [ visnas) s
{/N / (&(s) ds+( AV(¢ )5(1—s)ds)2}
- 2{/0< (AV)(¢& /vv £(s)) sds> (1—t)%dt
/< /VAV ) (1 t)dt>( )ds}




)= / AV(E(s))(s(1-9) ds+214< / (5(5))ds>4+
{/A2 / (&) ds+( AV(E(s)s(1-5) 92}
- 2{/ < (AV)(¢ /VV {(s))sds> (1— t)2dt
/< /VAV ) t3(1 — t)dt>( )ds}
i(/o V(£(s) ds> /OAV s))s(1 —s))ds




1 1
3
{/A2 48) | aviesisa-s) ds+214< [ visnas) s
/ ((s) ds+( AV(E(s)s(1_9)d)
{ < (A /vv §(s)sds> (1—¢ S)}
/< g)/VAV 2(1 — t)dt -
</ V(E(s) ds> /AV )s(1 >() )ds}
)ds
/ V(E(s)) d /<vv £(4)) /vv 5(5))sds>(1 £)dt




)= / A VIE(s)(s01-9) ds+214< [v (&(s))ds>4+
{/A2 / (£(s) ds+( AV(E(s))s(1—s) 92}
+ 2{/ < (AV)(€ /vv g(s))sds> (1 - t)%dt
[ (Tvteta [ Toview) 2 - o) - e

i(/o V(s(s) ds) /OAV s))s(1 — s))ds
+ /Olv( (s)) ds/01<VV (1)) /tvv {(s))sds>(1—t)dt

+ 2 (1-1t)2dt T {VL(£(D)) - VI(&(5)) } s ds




Application to regularized heat trace estimation

Regularized heat trace
Tr(U(t) — Uo(t)) = /(p\/(x,x, t) — po(x, x, t)) dx
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Application to regularized heat trace estimation

Regularized heat trace
Te(U() — Us(2)) = / (v(x,%, £) — polx, x, £)) dx

- [ oo ([ vietnas) ~1} et e
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Application to regularized heat trace estimation

Regularized heat trace
Te(U() — Us(2)) = / (v(x,%, £) — polx, x, £)) dx

- [ [, oo ([ vietnas) ~1} et e
Jensen inequality / W(F(x))d(x) > w( / f(x)dy(x)>

Stanislav Stepin DIFFUSION TYPE SEMIGROUPS



Application to regularized heat trace estimation

Regularized heat trace
Te(U() — Us(2)) = / (v(x,%, £) — polx, x, £)) dx

- [ oo ([ vietnas) ~1} et e
(

Jensen inequality /\Il(f(x))dy(x) >V
1

oo [ t Vil o) < § [ emleviais)as
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Application to regularized heat trace estimation

Regularized heat trace
Te(U() — Us(2)) = / (v(x,%, £) — polx, x, £)) dx

- [ oo ([ vietnas) ~1} et e
| (

oo [ V(w(s)) ) <1 " exp(V(w(s))) ds

/ﬂz,x o </ot V(w(s)) d ) dpt(w) >
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Application to regularized heat trace estimation

Theorem 2 Given continuous bounded potential V € L1(R?)
(zm)—3/2/ (exp(tV(x)) — 1) dx > Tr(U(t) — Up(t)) >

> (2m) 732712 / V(x) dx
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Application to regularized heat trace estimation

Theorem 2 Given continuous bounded potential V € L1(R?)
(zm)—3/2/ (exp(tV(x)) — 1) dx > Tr(U(t) — Up(t)) >
> (2m) 732712 / V(x) dx

Tr(U(t)— Up(t)) = (27r)—3/2t—1/2/ V(x)dx + O(\/t), t 10
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Application to regularized heat trace estimation

Theorem 2 Given continuous bounded potential V € L1(R?)
(2rt) 2 [ (exp(eV(x)) ~ 1) o > To(U(e) - Lo(e)) >
> (2m) 732712 / V(x) dx

Tr(U(t)— Up(t)) = (27r)—3/2t—1/2/ V(x)dx + O(Vt), t 10

For potentials decreasing super-exponentially

ITr(U(t) = Lo(t))| < C(V)EV2, op(H) =2
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Application to regularized heat trace estimation

Theorem 2 Given continuous bounded potential V € L1(R?)
(2rt) 2 [ (exp(eV(x)) ~ 1) o > To(U(e) - Lo(e)) >
> (2m) 732712 / V(x) dx
Tr(U(t)— Up(t)) = (27r)—3/2t—1/2/ V(x)dx + O(Vt), t 10
For potentials decreasing super-exponentially
Te(U(E) — Up())] < C(V)E2, ap(H) = 2

(M. Zworski & A. Sa Barreta, 1996) For negative V € L;(RR3)

1/ V()| dx < (2m)¥2EY2Tr(Ug(t /y\/(x | dx
2 Jiv(x)|<t1/t
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Diffusion with a drift: Feynman-Kac-Ito formula

Diffusion with a drift generated by

1
H=Ho+A= 70+ (ax)V)
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Diffusion with a drift: Feynman-Kac-Ito formula

Diffusion with a drift generated by
1
H=Hy+A= 5A+<a(x)v>

Feynman-Kac-Ito formula

i) = [ oo ([ *(a(w(s))do(s)) —

_ % /0 ta2(w(s))d5> diy (W)

t
X,y
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Diffusion with a drift: Feynman-Kac-Ito formula

Diffusion with a drift generated by
1
H=Hy+A= 5A+<a(x)v>

Feynman-Kac-Ito formula

i) = [ oo ([ *(a(w(s))do(s)) —

_ % /0 ta2(w(s))d5> diy (W)

can also be derived from Duhamel equation

t
etH — etHo + / esHOAe(t—s)H ds
0

t
X,y
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Diffusion with a drift: Feynman-Kac-Ito formula

Diffusion with a drift generated by
1
H=Hy+A= 5A+<a(x)v>

Feynman-Kac-Ito formula

i) = [ oo ([ *(a(w(s))do(s)) —

_ % /0 ta2(w(s))d5> diy (W)

can also be derived from Duhamel equation

t
etH — etHo + / esHOAe(t—s)H ds
0

t
X,y

1
Py 1) ~ polx.y.t) exp ( JRECONEE) ds> L t10
0



Diffusion with a drift: Feynman-Kac-Ito formula

Theorem 3 Provided that drift coefficient a(x) € C3(R3) is
bounded

pulr 1) = oy oo [ (a(EE) (v — ) o) x
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Diffusion with a drift: Feynman-Kac-Ito formula

Theorem 3 Provided that drift coefficient a(x) € C3(R3) is
bounded

pulr 1) = oy oo [ (a(EE) (v — ) o) x

) {1 Tt <; /01 (Da(&(s))(y — x))s(1 — s)ds —
— /01 a?(&(s)) ds — /01 (Va)(&(s))sds +
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Diffusion with a drift: Feynman-Kac-Ito formula

Theorem 3 Provided that drift coefficient a(x) € C3(R3) is
bounded

pulr 1) = oy oo [ (a(EE) (v — ) o) x

) {1 Tt <; /01 (Da(&(s))(y — x))s(1 — s)ds —
— /01 a?(&(s)) ds — /01 (Va)(&(s))sds +

/01(1—5 ds/0 [<V><a ())an(f(r))>(y_x)2_

Stanislav Stepin DIFFUSION TYPE SEMIGROUPS



Diffusio

n with a drift: Feynman-Kac-Ito formula

Theorem 3 Provided that drift coefficient a(x) € C3(R3) is
bounded

pa(x,y,t (x,y,t) exp </ (a(&(s)) (v — %)) ds> y
% {1 Tt <;/0 (Aa(&(s))(y — x))s(1 — s)ds —

— /01 a?(&(s)) ds — /01 (Va)(&(s))sds +

b [ [ [(vxateon vxalern) 22 -

— (Vxa (€(s)y—x)) (Txa (E(n)(y—x))] rdr) +0(t5/%) }
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Diffusion with a drift: Feynman-Kac-Ito formula

Outline of the proof Conditional Wiener measure i} , is
supported on Brownian paths

w(s) = (1_f)x+ %y+\/fb<§>, se o, 1]

t
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Diffusion with a drift: Feynman-Kac-Ito formula

Outline of the proof Conditional Wiener measure i} , is
supported on Brownian paths

s s s
w(s) = (1—E)x -2y ﬁb(;), se o, 1]
Brownian bridge {b(s),s € [0,1]} with zero mean and
covariance {bi(s), bj(t)} = (min{s, t} — st)d;
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Diffusion with a drift: Feynman-Kac-Ito formula

Outline of the proof Conditional Wiener measure i} , is
supported on Brownian paths

s s s
w(s) = (1—E)x -2y ﬁb(;), se o, 1]
Brownian bridge {b(s),s € [0,1]} with zero mean and
covariance {bi(s), bj(t)} = (min{s, t} — st)d;

Feynman-Kac-Ito formula

putc) = ey 08 (e [ (a(E(s)1/Eb(5)) (y—x))ds
+Vt / (a(&(s)+Vtb(s))db(s)) — % /0 132(§(5)+\/Eb(s))ds)>
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Diffusion with a drift: Feynman-Kac-Ito formula

Outline of the proof Conditional Wiener measure i} , is
supported on Brownian paths

s s s
w(s) = (1—E)x -2y ﬁb(;), se o, 1]
Brownian bridge {b(s),s € [0,1]} with zero mean and
covariance {bi(s), bj(t)} = (min{s, t} — st)d;

Feynman-Kac-Ito formula

putc) = ey 08 (e [ (a(E(s)1/Eb(5)) (y—x))ds
+Vt / (a(&(s)+Vtb(s))db(s)) — % /0 132(§(5)+\/Eb(s))ds)>

E< /0 (A(s)b(s) db(s))) . /0 I A(s) s s
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Semigroup generated by perturbation of biLaplacian

Semigroup U(t) = exp(tH) generated by

1
H = H0+V:—ZA2+ V()
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Semigroup generated by perturbation of biLaplacian

Semigroup U(t) = exp(tH) generated by
1
H=H+V = _ZA2 + V(x)
Unperturbed semigroup Up(t) = exp(tHo) integral kernel

Go(x — y,t) = (21)3 / exp (— tP(€) + i{(x — y) €)) de,
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Semigroup generated by perturbation of biLaplacian

Semigroup U(t) = exp(tH) generated by
H=H+V = —%N + V(x)
Unperturbed semigroup Up(t) = exp(tHo) integral kernel
Golx = y.1) = (2m)" [ exp (= eP(€) + il(x — ) &) k.
P(¢) = |€]*/4, admits an estimate

- «_ y[4/3
G~y 0] < G *rexp (— G A1)
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Semigroup generated by perturbation of biLaplacian

Semigroup U(t) = exp(tH) generated by
H=H+V = —%N + V(x)
Unperturbed semigroup Up(t) = exp(tHo) integral kernel
Golx = y.1) = (2m)" [ exp (= eP(€) + il(x — ) &) k.
P(¢) = |€]*/4, admits an estimate

- «_ y[4/3
G~y 0] < G *rexp (— G A1)

Co=1/4, G = (zw)—3/ e PO/10 g¢
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Semigroup generated by perturbation of biLaplacian

)-3/2
Go(x — y,t) ~ \Qf]f—)y]\f X

3|x —y|*3 o 27i/3 t1/3 :
Im{exp (41_1/3 1+Z =)% y|4/3

Saddle point method
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Semigroup generated by perturbation of biLaplacian

i (27‘(‘)_3/2 y
V3 [x—ylVt

3Ix—yI*® s = t1/3 :
Im{exp <4t1/3 e / 1+Z ak |x—y|4/3
k=1

GO(X_yvt) ~

Saddle point method

2 1 3|X—y|4/3>
G -y, t) = e A Y
oY) = B \x—yﬁex"( CRE
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Semigroup generated by perturbation of biLaplacian

2 (2m)73/?
Go(x —y,t) ~ — ——~>L
olx =y 1) V3 [x —ylVt 8

3Ix—yI*® s = t1/3 :
Im{exp <4t1/3 e / 1+Z ak |x—y|4/3
k=1

Saddle point method

2 1 3|X—y|4/3>
G -y, t) = e A Y
oY) = B \x—yﬁex"( CRE

{_ <3\f|x |4/3> 5 . <3\@|xy]4/3 27r) t1/3
sin ——sin

8 t1/3 36 8 t1/3 Ix — y|*/3

12/3
* O(rx—y|8/3>}’ t40
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Parametrix expansion & Born approximation

Path integral representation is replaced by Parametrix

GV(vav t) = GO(X - Y, t) + Z G(n)(vav t)

n=1
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Parametrix expansion & Born approximation

Path integral representation is replaced by Parametrix

GV(vav t) = GO(X - Y, t) + Z G(n)(vav t)
n=1

[terated kernels

G (x,y,1) /ds/Gox 2,5)V(2)G D (z,y, t—s) dz
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Parametrix expansion & Born approximation

Path integral representation is replaced by Parametrix

GV(vav t) = GO(X - Y, t) + Z G(n)(vav t)
n=1

[terated kernels

G (x,y,1) /ds/Gox 2,5)V(2)G D (z,y, t—s) dz

4/3
GO (xy. ) < M 012 g C3x—y*?
’ M(n+1)/2) 8 /3
for small t > 0
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Parametrix expansion & Born approximation

Path integral representation is replaced by Parametrix

GV(vav t) = GO(X - Y, t) + Z G(n)(vav t)
n=1

[terated kernels

(x,y, t /ds/Gox 2,5)V(2)G D (z,y, t—s) dz

43
G (x,y, 1) < £ 1)/2e><p< 3be—u™” )

for small t > 0

_ Mt
F((n+1)/2) g8 tl/3
Va € (1,2] 3C(a)>0 Ya,be R Vre(0,1)

ar + b|¢ a(l —7)— b|¢ o .
o+ bI% 10 =D =BT e () b maal, 5]}
T 1-7)
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Parametrix expansion & Born approximation

560 xy.8) = Oftplxy. ) ey, 8) = exp (-2 2

n>2
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Parametrix expansion & Born approximation

ZG Xy, O(tp(x,y,t)),p(x,y,t):exp< 8t1/3>

n>2

GV(Xayat)_GO(X_y t)+G(1)Xy7 +ZG Xya

n>2

O(t3/“p(x,y,t))
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Parametrix expansion & Born approximation

n>2

3|x — yl4/3
ZG X, y,t O(tp(X,y,t)), p(X,y, t):exp< ’y’>

GV(Xayat)_GO(X_y t)+G(1)Xy7 +ZG Xya

n>2

Born approximation o(t3/4p(x,y,t))

GO (x,y,t /ds/Gox—zs V(z)Gy(z — y,t —s)dz
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Parametrix expansion & Born approximation

ZG Xy, O(tp(x,y,t)),p(x,y,t):exp< 8t1/3>

n>2

GV(Xayat)_GO(X_y t)+G(1)Xy7 +ZG Xya

n>2

Born approximation o(t3/4p(x,y,t))

)(x,y, t /ds/Gox—zs V(z)Gy(z — y,t —s)dz
Lemma Mean value formula

/ Go(x—z,8)z Go(z—y, t—s) dz = Go(x—y, t) (x+(y—x)s/t)
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Parametrix expansion & Born approximation

ZG Xy, O(tp(x,y,t)),p(x,y,t):exp< 8t1/3>

n>2

GV(Xayat):GO(X_yat) G(l)Xy7 +ZG Xya

n>2

Born approximation o(t3/4p(x,y,t))

GO (x,y,t /ds/Gox—zs V(z)Gy(z — y,t —s)dz
Lemma Mean value formula
/ Go(x—z,8)z Go(z—y, t—s) dz = Go(x—y, t) (x+(y—x)s/t)

analogue of mathematical expectation u(s) = x + (y — x)s/t
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Parametrix expansion & Born approximation

/ Go(x—z,5) z Go(z—y, t—s) dz = /exp (—=sP(&)+i (x,&)) d¢
< [ep (5= 00P()~i (v} ) dn (2r) [ 2=z

| —
(2m)3 (~iVoe(n))
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Parametrix expansion & Born approximation

/ Go(x—z,5) z Go(z—y, t—s) dz = /exp (—=sP(&)+i (x,&)) d¢
< [ep (5= 00P()~i (v} ) dn (2r) [ 2=z

| —
(2m)3 (~iVoe(n))

{ [0 s~ 080~ .0 -
= exp ((5 —t)P(&) — i<}’7€>)((t — S)VP(¢) + iy)>
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/ Go(x—z,5) z Go(z—y, t—s) dz = /exp (—=sP(&)+i (x,&)) d¢
< [ep (5= 00P()~i (v} ) dn (2r) [ 2=z

| —
(2m)3 (~iVoe(n))

(fontte= P00t 0 0~

= exp (5= DP(E) — 1 (1)) ((t — )VPE) + fy)>

_ _i(on)? / exp (—tP(E)+i (x — y.€) ) (iy+(t—s)VP(€)) dé

X;y Go(x—y, t) = Go(x—y, t)u(s)

=y Go(x—y,t) + (t—s)
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Parametrix expansion & Born approximation

</exp (= tP(&) +i (x — y,) ) VP(E) dg =

= —% / e/ OyetPO) ge = I(Xt_y)(27r)3Go(x—y, t)>
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Parametrix expansion & Born approximation

</exp(— tP(E) + 1 (x — y,€) ) VP(E) dé =
= _1/ei<x—y,£>ve—t”(£) d¢ = ’.(Xt_y)(zﬁ)3co(x_y, t)>
Mean deviation (V(x) € C?(R3))
60y, t) ~ Golx 1) [ Viu(s)) ds =
0

/Otds/ Golx — 2,5) (V(2) — V(u(s))) Golz — y, t — s) dz =
= O(t""?p(x,y,t))
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Parametrix expansion & Born approximation

</exp (= tP(&) +i (x — y,) ) VP(E) dg =

= —% / e/ OyetPO) ge = I(Xt_y)(27r)3Go(x—y, t)>

Mean deviation (V(x) € C?(R3))
60y, t) ~ Golx 1) [ Viu(s)) ds =
0
/0 ds/ Golx — 2,5) (V(2) — V(u(s))) Golz — y, t — s) dz =
= O(t""?p(x,y,t))

t 1
/V(M(s)) ds = t/ V(x+ (y —x)r)dr
0 0



Schwartz kernel short-time asymptotics

Theorem 4 V(x) € C?(R%) N 1L1(R3) bounded potential
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Schwartz kernel short-time asymptotics

Theorem 4 V(x) € C?(R%) N 1L1(R3) bounded potential

Gy(x,y,t) = Go(x —y,t) (1 - t/ol V(x+ (y — x)7) dT>

3|x— y|4/3
7/12 e 4 B
+ O<t exp < 3 1173

off-diagonal short-time asymptotics
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Schwartz kernel short-time asymptotics

Theorem 4 V(x) € C?(R%) N 1L1(R3) bounded potential

Gy(x,y,t) = Go(x —y,t) (1 - t/ol V(x+ (y — x)7) dT>

3|x— y|4/3
7/12 e 4 B
+ O<t exp < 3 1173

off-diagonal short-time asymptotics

2 t—1/2 3 |X_y’4/3
Go(x —y,t) = \/§(27r)3/2 x— ] exp (— 8 5 ) X

x {sin <38f bx 1{3‘4/3> T o(t1/3)}
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Schwartz kernel short-time asymptotics

Theorem 4 V(x) € C?(R%) N 1L1(R3) bounded potential

Gy(x,y,t) = Go(x —y,t) (1 - t/ol V(x+ (y — x)7) dT>

3|x— y|4/3
7/12 e 4 B
+ O(t exp < 3 1173

off-diagonal short-time asymptotics

2 t—1/2 3 |X_y’4/3
Go(x —y,t) = \/§(27r)3/2 x— ] exp (— 8 5 ) X

x {sin <38f bx 1{3‘4/3> T o(t1/3)}

Gy(x,x,t) = (2m) 3t 3/4(1+ tV(x)) / e P& de + 0(V1)




Schwartz kernel short-time asymptotics

Theorem 5 Given bounded potential V(x) € L1(R3)
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Schwartz kernel short-time asymptotics

Theorem 5 Given bounded potential V(x) € L1(R3)
Te(U(t) - U(t)) = /(GV(X,X, £) - Gol0, £)) dx

— (224 [ PO [Vix)de + 0V
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Schwartz kernel short-time asymptotics

Theorem 5 Given bounded potential V(x) € L1(R3)
Te(U(t) - U(t)) = /(GV(X,X, £) - Gol0, £)) dx

— (224 [ PO [Vix)de + 0V

Born approximation trace /G(l)(x,x, t)dx =

:/dx/otds/Go(x—z,s)V(z)Go(z—x,t—s)dz
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Schwartz kernel short-time asymptotics

Theorem 5 Given bounded potential V(x) € L1(R3)
Te(U(t) - U(t)) = /(GV(X,X, £) - Gol0, £)) dx

— (224 [ PO [Vix)de + 0V

Born approximation trace /G(l)(x,x, t)dx =
t
= /dx/ ds/ Go(x — z,5)V(z)Go(z — x, t — s) dz
0
t
= / ds/ V(z) dz/ Go(x — z,5)Go(z — x,t — s) dx
0
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Schwartz kernel short-time asymptotics

Theorem 5 Given bounded potential V(x) € L1(R3)
Te(U(t) - U(t)) = /(GV(X,X, £) - Gol0, £)) dx

— (224 [ PO [Vix)de + 0V

Born approximation trace /G(l)(x,x, t)dx =

:/dx/otds/Go(x—z,s)V(z)Go(z—x,t—s)dz
:/tds/V(z)dz/Go(x—z,s)Go(z—x,t—s)dx

= t Go(0, t)/ z)dz, Go(0,t) = (27)73 3/4/e”(5)d§
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