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M. Kac (1966): "Can one hear the shape of a drum?"

Spectrum {λn} of Dirichlet Laplacian ∆ in D ⊂ R2

∑
etλn = Tret∆ =

1

4πt
|D|− 1√

4πt

|∂D|
4

+
1

6
E + . . . , t ↓ 0

Y. Colin de Verdier (1981): Schroedinger semigroup e−tH

H = H0 + V , H0 = −∆ , V (x) ∈ C
∞
0 (Rd)

Tr(e−tH − e−tH0) ∼ (4πt)−d/2
∞∑
j=1

aj(V )t j , t ↓ 0

heat invariants aj(V ) − KdV �rst integrals (d = 1)
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Di�usion semigroup U(t) = exp(tH) generated by

H = H0 + V =
1

2
∆ + V (x) , x ∈ Rd

Feynman-Kac formula

U(t)f (x) =

∫
Ωx

f (ω(t)) exp

(∫ t

0

V (ω(s)) ds

)
dµx(ω)

Ωx = {paths ω(s) starting from x = ω(0)}
Wiener measure µx : Ωx 3 ω 7→ ϕ(ω) = F (ω(t1), . . . , ω(tm))

Lx(ϕ) :=

∫
. . .

∫
F (x1, . . . , xm) p0(x , x1, t1)×

× p0(x1, x2, t2 − t1) . . . p0(xm−1, xm, tm − tm−1) dx1 . . . dxm

Extension Lx(ϕ) =

∫
Ωx

ϕ(ω) dµx(ω), µx(Ωx) = 1
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Parametrix expansion & Born approximation

Schwartz kernel short-time asymptotics

Heat kernel pV (x , y , t) =

∫
Ωt

x,y

exp

(∫ t

0

V (ω(s))ds

)
dµtx ,y (ω)

Ωt
x ,y = {paths ω(s) : ω(0) = x , ω(t) = y}∫
dµtx ,y (ω) = p0(x , y , t) = (2πt)−3/2 exp

(
−|x−y |2/2t

)
, d = 3

Short-time asymptotics

pV (x , y , t) ∼ p0(x , y , t)

{
1 +

∞∑
n=1

cn(x , y)tn

}
, t ↓ 0

Gaussian measure momenta

(2π)−m/2(det aij)
−1/2

∫
. . .

∫
xk11 . . . xkmm exp

(
−aij

2
xixj

)
dx1 . . . dxm

=: Ek(s1, . . . , sm), k = (k1, . . . km), aij = min{si , sj} − si sj
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Theorem 1 Given complex-valued bounded V (x) ∈ C∞(R3)

cn(x , y) =
n∑

m=1

∑
α+β+γ=k

|k|=2(n−m)

∫ 1

0

∂α1x1 ∂
β1
x2 ∂

γ1
x3V (ξ(s1)) ds1×

∫ s1

0

∂α2x1 ∂
β2
x2 ∂

γ2
x3V (ξ(s2)) ds2 . . .

∫ sm−1

0

∂αm
x1 ∂βmx2 ∂

γm
x3 V (ξ(sm))×

× Φαβγ(s1, . . . sm) dsm , ξ(s) = x + (y − x)s

Φαβγ(s1, . . . sm) :=(∏m
j=1

1
αj !βj !γj !

)
Eα(s1, . . . , sm)Eβ(s1, . . . , sm)Eγ(s1, . . . , sm)

Corollary cn(x , y) is homogeneous in V of degree = n if
each ∂x is counted with wieght 1/2
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Heat invariants

c1(x , y) =

∫ 1

0

V (ξ(s))ds, ξ(s) = x + (y − x)s

c2(x , y) =
1

2

∫ 1

0

∆V (ξ(s))s(1− s)ds +
1

2

(∫ 1

0

V (ξ(s)) ds

)2

c3(x , y) =
1

8

∫ 1

0

∆2V (ξ(s))
(
s(1− s)

)2
ds +

1

6

(∫ 1

0

V (ξ(s)) ds

)3

+
1

2

∫ 1

0

V (ξ(s)) ds

∫ 1

0

∆V (ξ(s))s(1−s)ds

+

∫ 1

0

〈
∇V (ξ(t))

∫ t

0

∇V (ξ(s))sds

〉
(1− t)dt
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c4(x , y) =
1

48

∫ 1

0

∆3V (ξ(s))(s(1−s))3ds +
1

24

(∫ 1

0

V (ξ(s)) ds

)4

+

1

8

{∫ 1

0

∆2V (ξ(s))(s(1−s))2ds

∫ 1

0

V (ξ(s))ds +

(∫ 1

0

∆V (ξ(s))s(1−s)ds

)2}
+

1

2

{∫ 1

0

〈
∇(∆V )(ξ(t))

∫ t

0

∇V (ξ(s)) sds

〉
t(1− t)2dt

+

∫ 1

0

〈
∇V (ξ(s))

∫ s

0

∇(∆V )(ξ(t)) t2(1− t)dt

〉
(1− s)ds

}
+

1

4

(∫ 1

0

V (ξ(s)) ds

)2 ∫ 1

0

∆V (ξ(s)) s(1− s))ds

+

∫ 1

0

V (ξ(s)) ds

∫ 1

0

〈
∇V (ξ(t))

∫ t

0

∇V (ξ(s)) sds

〉
(1− t)dt

+
1

2

∫ 1

0

(1− t)2dt

∫ t

0

Tr
{
V ′′xx(ξ(t)) · V ′′xx(ξ(s))

}
s2ds
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Tr(U(t)− U0(t)) =

∫
(pV (x , x , t)− p0(x , x , t)) dx

=
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dx

∫
Ωt

x,x

{
exp

(∫ t

0

V (ω(s)) ds

)
− 1

}
dµtx ,x(ω)

Jensen inequality

∫
Ψ(f (x))dν(x) > Ψ

(∫
f (x)dν(x)

)
exp

(∫ t

0

V (ω(s)) ds

)
6

1

t

∫ t

0

exp(tV (ω(s))) ds∫
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x,x
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(∫ t

0

V (ω(s)) ds

)
dµtx ,x(ω) >

> exp

∫ t

0

(∫
Ωt

x,x

V (ω(s)) dµtx ,x(ω)
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︸ ︷︷ ︸(

2π s
t

(
1− s

t

))−3/2∫
V (x+

√
tξ) exp

(
−|ξ|2/2 s

t

(
1− s

t

))
dξ

ds
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Schwartz kernel short-time asymptotics

Theorem 2 Given continuous bounded potential V ∈ L1(R3)

(2πt)−3/2
∫ (

exp(tV (x))− 1
)
dx > Tr(U(t)− U0(t)) >

> (2π)−3/2t−1/2
∫

V (x) dx

Tr(U(t)−U0(t)) = (2π)−3/2t−1/2
∫

V (x) dx + O(
√
t), t ↓ 0

For potentials decreasing super-exponentially

|Tr(U(t)− U0(t))| 6 C (V )t−1/2, σp(H) = ∅

(M. Zworski & A. Sa Barreta, 1996) For negative V ∈ L1(R3)

1

2

∫
|V (x)|<1/t

|V (x)| dx 6 (2π)3/2t1/2Tr(U0(t)−U(t)) 6
∫
|V (x)| dx
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Di�usion with a drift generated by

H = H0 + A =
1

2
∆ +

〈
a(x)∇

〉

Feynman-Kac-Ito formula

pa(x , y , t) =

∫
Ωt

x,y

exp

(∫ t

0

〈
a(ω(s))dω(s)

〉
−

− 1

2

∫ t

0

a2(ω(s))ds

)
dµtx ,y (ω)

can also be derived from Duhamel equation

etH = etH0 +

∫ t

0

esH0A e(t−s)H ds

pa(x , y , t) ∼ p0(x , y , t) exp

(∫ 1

0

〈
a(ξ(s)) (y − x)

〉
ds

)
, t ↓ 0
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Theorem 3 Provided that drift coe�cient a(x) ∈ C3(R3) is
bounded

pa(x , y , t) = p0(x , y , t) exp

(∫ 1

0

〈
a(ξ(s)) (y − x)

〉
ds

)
×

×
{
1 + t

(
1

2

∫ 1

0

〈
∆a(ξ(s))(y − x)

〉
s(1− s)ds −

−
∫ 1

0

a2(ξ(s)) ds −
∫ 1

0

〈
∇a
〉
(ξ(s)) s ds +

+

∫ 1

0

(1− s)ds

∫ s

0

[〈
∇×a (ξ(s))∇×a (ξ(r))

〉
(y − x)2−

−
〈
∇×a (ξ(s))(y−x)

〉〈
∇×a (ξ(r))(y−x)

〉]
r dr

)
+ O(t5/4)

}
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+

∫ 1

0

(1− s)ds

∫ s

0

[〈
∇×a (ξ(s))∇×a (ξ(r))

〉
(y − x)2−

−
〈
∇×a (ξ(s))(y−x)

〉〈
∇×a (ξ(r))(y−x)

〉]
r dr

)
+ O(t5/4)

}
Stanislav Stepin DIFFUSION TYPE SEMIGROUPS



Plan of the talk
Wiener path integral representation for heat kernel

Application to regularized heat trace estimation
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Semigroup generated by perturbation of biLaplacian
Parametrix expansion & Born approximation

Schwartz kernel short-time asymptotics

Outline of the proof Conditional Wiener measure µtx ,y is

supported on Brownian paths

ω(s) =
(
1− s

t

)
x +

s

t
y +

√
t b
(s
t

)
, s ∈ [0, t]

Brownian bridge {b(s), s ∈ [0, 1]} with zero mean and

covariance {bi (s), bj(t)} =
(
min{s, t} − st

)
δij

Feynman-Kac-Ito formula

pa(x , y , t) = p0(x , y , t)E
(
exp

(∫ 1

0

〈
a
(
ξ(s)+

√
tb(s)

)
(y−x)

〉
ds

+
√
t

∫ 1

0

〈
a
(
ξ(s)+

√
tb(s)

)
db(s)

〉
− t

2

∫ 1

0

a2
(
ξ(s)+

√
tb(s)

)
ds

))

E
(∫ 1

0

〈
A(s)b(s) db(s)

〉)
= −

∫ 1

0

TrA(s) s ds
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Di�usion with a drift: Feynman-Kac-Ito formula

Semigroup generated by perturbation of biLaplacian
Parametrix expansion & Born approximation

Schwartz kernel short-time asymptotics

Semigroup U(t) = exp(tH) generated by

H = H0 + V = −1
4

∆2 + V (x)

Unperturbed semigroup U0(t) = exp(tH0) integral kernel

G0(x − y , t) = (2π)−3
∫

exp
(
− tP(ξ) + i〈(x − y) ξ〉

)
dξ ,

P(ξ) = |ξ|4/4, admits an estimate

|G0(x − y , t)| 6 C1t
−3/4 exp

(
− C0

|x − y |4/3

t1/3

)
C0 = 1/4 , C1 = (2π)−3

∫
e−P(ξ)/10 dξ
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Schwartz kernel short-time asymptotics

G0(x − y , t) ∼ 2√
3

(2π)−3/2

|x − y |
√
t
×

Im

{
exp

(
3

4

|x − y |4/3

t1/3
e−2πi/3

)(
1+

∞∑
k=1

ak

(
t1/3

|x − y |4/3

)k)}
Saddle point method

G0(x−y , t) =
2√

3(2π)3/2
1

|x − y |
√
t
exp

(
− 3

8

|x − y |4/3

t1/3

)
×

{
sin

(
3
√
3

8

|x − y |4/3

t1/3

)
− 5

36
sin

(
3
√
3

8

|x − y |4/3

t1/3
− 2π

3

)
t1/3

|x − y |4/3

+ O

(
t2/3

|x − y |8/3

)}
, t ↓ 0
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Schwartz kernel short-time asymptotics

Path integral representation is replaced by Parametrix

GV (x , y , t) = G0(x − y , t) +
∞∑
n=1

G (n)(x , y , t)

Iterated kernels

G (n)(x , y , t) =

∫ t

0

ds

∫
G0(x−z , s)V (z)G (n−1)(z , y , t−s) dz

|G (n)(x , y , t)| 6 Mn+1

Γ((n + 1)/2)
t(n−1)/2 exp

(
− 3

8

|x − y |4/3

t1/3

)
for small t > 0

∀α ∈ (1, 2] ∃C (α) > 0 ∀ a, b ∈ R3 ∀ τ ∈ (0, 1)

|aτ + b|α

τα−1
+
|a(1− τ)− b|α

(1− τ)α−1
> |a|α+C (α)|b|2max{|a|, |b|}α−2
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Schwartz kernel short-time asymptotics

∑
n>2

G (n)(x , y , t) = O
(
t p(x , y , t)

)
, p(x , y , t) = exp

(
−3
8

|x − y |4/3

t1/3

)

GV (x , y , t) = G0(x − y , t) + G (1)(x , y , t) +
∑
n>2

G (n)(x , y , t)︸ ︷︷ ︸
O
(
t3/4p(x ,y ,t)

)
Born approximation

G (1)(x , y , t) =

∫ t

0

ds

∫
G0(x − z , s)V (z)G0(z − y , t − s) dz

Lemma Mean value formula∫
G0(x−z , s) z G0(z−y , t−s) dz = G0(x−y , t)

(
x+(y−x)s/t

)
analogue of mathematical expectation µ(s) = x + (y − x)s/t
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∫
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)
dξ

×
∫

exp
(
(s− t)P(η)− i 〈y , η〉

)
dη (2π)−6

∫
ze i〈z,η−ξ〉dz︸ ︷︷ ︸
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(t − s)∇P(ξ) + iy

)〉
= −i (2π)−3
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)(
iy+(t−s)∇P(ξ)
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G0(x−y , t) = G0(x−y , t)µ(s)
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(2π)3G0(x−y , t)

〉

Mean deviation (V (x) ∈ C2(R3))

G (1)(x , y , t) − G0(x − y , t)

∫ t

0

V (µ(s)) ds =∫ t

0

ds

∫
G0(x − z , s)

(
V (z)− V (µ(s))

)
G0(z − y , t − s) dz =

= O
(
t7/12p(x , y , t)

)
∫ t

0

V (µ(s)) ds = t

∫ 1

0

V (x + (y − x)τ) dτ
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Schwartz kernel short-time asymptotics

Theorem 4 V (x) ∈ C2(R3) ∩ L1(R3) bounded potential

GV (x , y , t) = G0(x − y , t)

(
1 + t

∫ 1

0

V (x + (y − x)τ) dτ

)
+ O

(
t7/12 exp

(
− 3

8

|x − y |4/3

t1/3

))
o�-diagonal short-time asymptotics

G0(x − y , t) =
2√

3(2π)3/2
t−1/2

|x − y |
exp

(
− 3

8

|x − y |4/3

t1/3

)
×

×
{
sin

(
3
√
3

8

|x − y |4/3

t1/3

)
+ O

(
t1/3

)}

GV (x , x , t) = (2π)−3t−3/4
(
1+ tV (x)

) ∫
e−P(ξ) dξ + O(

√
t)
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:=
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Born approximation trace

∫
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